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Abstract. This paper presents the acceleration of minimum-cost covering problems by instance-specific

hardware. First, we formulate the minimum-cost covering problem and discuss a branch & bound

algorithm to solve it. Then we describe instance-specific hardware architectures that implement branch &

bound in 3-valued logic and use reduction techniques similar to those found in software solvers. We

further present prototypical accelerator implementations and a corresponding design tool flow. Our

experiments reveal significant raw speedups up to five orders of magnitude for a set of smaller unate

covering problems. Provided that hardware compilation times can be reduced, we conclude that

instance-specific acceleration of hard minimum-cost covering problems will lead to substantial overall

speedups.
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1. Introduction

In the last years, several reconfigurable accelerators have been presented that speed
up combinatorial problems. These accelerators are instance-specific i.e., they
generate circuits for specific instances of these problems on the fly. It has been
shown that instance-specific accelerators outperform software solvers for many
instances of hard combinatorial problems, provided compilation time is kept short.
Given state of the art commercial tools for circuit synthesis and optimization,
instance-specific accelerators can be competitive if the runtime of the software
solvers is in the order of minutes.
The best-investigated problem so far is the Boolean satisfiability problem (SAT)

[9]. Given

. a set of n Boolean variables x1; x2; . . . ; xn,

. a set of literals, consisting of variables xi and their complements �xxi, and

. a set of m clauses C1;C2; . . . ;Cm, consisting of literals combined by the logical or
operator þ,
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SAT quests for an assignment of truth values to the variables that makes the
conjunctive normal form (CNF) C1 ?C2 ? � � � ?Cm true, where ? denotes the logical
and operator.
While most of the work published on instance-specific accelerators targets discrete

decision problems such as SAT, this paper concentrates on discrete optimization
problems. We present exact solvers for minimum-cost covering problems. Minimum-
cost covering problems are important SAT-related optimization problems that must
be solved quite frequently in engineering applications such as synthesis and
optimization of digital circuits [7]. The minimum-cost covering (or set cover)
problem is defined as follows:

Definition 1.1 (set cover [17]). Given a set U of elements and a set S of subsets ti of
U, i ¼ 1; . . . ; jSj, find the smallest subset T(S that contains all elements of U:

|ti [Tti ¼ U: ð1Þ

The set cover problem is the generalization of a number of important specialized
problems. One such special covering problem is the vertex covering problem: Given a
graph G ¼ ðV ;EÞ with a set of vertices V and a set of edges E, we seek for the
smallest set of vertices such that each edge is connected to at least one vertex in this
set. In this case, U is modeled as the set of all edges and ti as the set of edges incident
to vertex vi. Instead of referring to the sets ti, we can also refer to the vertices vi.
Figure 1(a) shows an example with four vertices and four edges. The set fv2; v3g
forms a minimum-cost cover (minimum cover for short).
Minimum covering problems can be regarded as minimum-cost SAT problems.

Minimum-cost SAT means to find a satisfying solution for a CNF that minimizes a
linear cost function over the variables, cTx, where c denotes a cost vector. A
minimum covering problem is transformed to a minimum-cost SAT problem by
identifying the elements of S with the binary decision variables xi and the elements of
U with the clauses of the CNF. The CNF corresponding to the vertex covering
problem of Figure 1 is ðx1 þ x2Þ ? ðx1 þ x3Þ ? ðx2 þ x3Þ ? ðx3 þ x4Þ.

Figure 1. Vertex covering example: (a) graph, (b) matrix representation and minimum-cost cover.
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Both problems can be modeled using a matrix representation. A covering problem
is described by matrix A [b m6n, where the set of rows corresponds to the elements
of Uðm ¼ jUjÞ and the set of columns corresponds to the elements of Sðn ¼ jSjÞ. A
matrix entry in row r and column c equals 1, if element er is a member of subset tc.
Otherwise, the matrix entry equals 0. A cover corresponds to a subset of columns
having at least one 1-entry in all rows of A. In SAT notation, a minimum-cost cover
is a selection x [b n such that Ax 	 1 and cTx is minimum. Figure 1(b) shows the
matrix for the vertex covering problem of Figure 1(a) together with one possible
minimum cover.
CNFs corresponding to covering problems such as vertex covering are unate

Boolean expressions, i.e., each variable appears either always non-inverted or always
inverted. Hence, such covering problems are called unate covering. The consequence
of the equation being unate is that selecting all elements of S always results in a
cover, however, not necessarily in a minimum cover. Covering problems can be
extended to include cases where the selection of an element a of S implies the
selection of another element b of S. Then a clause of the form ðaþ bÞ has to be
added. This makes the CNF binate since some variables appear now in both non-
inverted and inverted form. Such covering problems (covering with implications) are
called binate covering. They can still be represented using matrices where rows
including negated variables have a 
 1 entry in the corresponding column. A valid
cover corresponds to selecting a subset of columns such that all rows have at least a 1
entry in that subset or a 
 1 entry in the complementary subset.
This paper is organized as follows: Section 2 surveys related work in instance-

specific acceleration of combinatorial problems. In Section 3, we discuss exact
software solvers for unate covering. In Section 4, we present the architectures of
several instance-specific accelerators for exact unate covering. Section 5 discusses a
design tool flow and empirical results derived from simulation and prototype
implementation. Section 6 concludes the paper and lists lines of research for further
work.

2. Related work

The brief overview of related work in instance-specific accelerators is grouped into
architectures that solve SAT exactly, architectures that solve SAT by incomplete
stochastic local search procedures, and architectures for problems other than SAT.

2.1. Exact SAT

In 1996, Yokoo et al. [20] proposed an instance-specific SAT accelerator that
models variables in standard 2-valued logic and uses a forward checking technique
to find a satisfying value assignment. In their later work, the authors devised a
backtracking algorithm and experimented with variable ordering heuristics [18].
Zhong et al. [22] were the first to propose a reconfigurable accelerator that
implements backtracking with Boolean constraint propagation [6] as basic
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deduction strategy. The authors further suggested two extensions to their
architecture with conflict analysis techniques that allow for non-chronological
backtracking and dynamic clause addition [23]. Platzner and De Micheli [14]
presented several SAT architectures based on backtracking with 3-valued logic.
They used different deduction techniques, among them don’t care variables and
implications. A custom compilation framework for these SAT accelerators was
discussed by Mencer et al. [13]. Abramovici and De Sousa [1] and Abramovici and
Saab [2] presented an architecture based on the PODEM algorithm used for
automatic test pattern generation. Their architecture uses backtracing rather than
backtracking and propagates the required result of a Boolean formula back to the
variables.

2.2. Stochastic local search for SAT

Stochastic local search procedures are incomplete algorithms used to solve large
instances of the SAT and MAX-SAT problems. MAX-SAT is an optimization
problem that tries to maximize the number of satisfied clauses of a CNF. There are
two important families of stochastic local search procedures for SAT: GSAT and
WSAT. GSAT starts with a random full value assignment and iteratively flips the
values of variables in order to increase the number of satisfied clauses. The selection
of variables to flip is based on the score of a variable. The score of a variable is the
difference between the number of clauses unsatisfied by the current assignment and
the assignment after flipping the variable. GSAT flips the variable with maximal
score in one search step. If there are several variables with maximal score, one is
randomly chosen. Hamadi and Merceron [11] proposed a reconfigurable architecture
that implements an adaption of GSAT. An FPGA implementation of GSAT was
presented by Yung et al. [21]. In contrast to GSAT, WSAT uses a two-stage
procedure to select variables. In the first stage, a currently unsatisfied clause is
randomly picked. In the second stage, one of the variables in this clause is randomly
picked and flipped. Leong et al. discuss the implementation of a WSAT accelerator
in Leong et al. [12].

2.3. Other combinatorial problems

Babb et al. [3] presented reconfigurable architectures for computing the transitive
closure and the shortest path in graphs. They map variants of the Bellman-Ford
algorithm to instance-specific hardware. A recent architecture that also aims at
accelerating the Bellmann-Ford algorithm was given by Dandalis et al. [5]. Other
authors have discussed reconfigurable accelerators for constraint satisfaction
problems [10, 16].
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3. Unate covering

3.1. Branch & bound

Covering problems are usually solved with general search procedures such as branch
& bound. Branch & bound constructs a search tree by iteratively picking a variable
and branching on it, i.e., generating two subtrees with the variable set to 1 and 0,
respectively. When a variable is assigned a value, deduction techniques are used to
infer knowledge from the partial assignment and to reduce the problem. For
example, we could conclude that the partial assignment already led to a solution or
that we have run into a contradiction, i.e., the current path cannot lead to a solution.
In case of a contradiction, backtracking is performed. When there are no more
reductions possible, a cost bound is computed. The cost bound is the sum of two
components: The cost of the current partial assignment plus an estimate for the cost
of the minimum number of columns required to cover the remaining rows. When this
cost bound exceeds the cost of the current best solution, the whole path can be
pruned off. Otherwise, the algorithm selects the next variable and branches on it.
It has been shown that tight cost bounds are crucial for the performance of

covering solvers. As the computation of the optimal cost bound is a hard problem
itself, efficient heuristics are applied [4, 8]. In the worst case, branch & bound shows
exponential complexity. However, for many applications reductions and bounds are
quite effective.

3.2. Reductions

In the following we focus on unate covering problems with unit cost. In unit cost
problems, each variable has an associated cost value of 1. Such covering problems
are frequently solved in exact two-level logic minimization, for example by the
ESPRESSO-EXACT algorithm [15]. The covering problem is defined by the
covering matrix A, where the rows of A represent the elements of the set to be
covered and the columns of A correspond to the groups of elements that can be
selected. Several reduction rules can be applied to simplify the matrix A. The most-
prominent reduction rules are:

. Essential columns. An essential column is a column having the only 1 entry of
some row. An essential column must be part of any cover because selecting it is the
only way to cover the corresponding row.

. Dominated columns. A column a dominates a column b if the entries of a are
larger or equal than the entries of b. Dominated columns can be discarded from
consideration, because selecting the dominating column instead covers more rows.

. Dominant rows. A row r dominates a row s if the entries of r are larger or equal
than the entries of s. Dominant rows can be discarded, because any cover of the
dominated row is also a cover of the dominant row.
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3.3. Algorithm

Algorithm 1 shows a recursive implementation of an exact unate covering algorithm.
Matrix A defines the covering problem, the vector v represents the current variable
assignment, and b is the lowest cost solution found so far. The algorithm starts with
(A, 0, 1). Line 2 iteratively reduces the matrix by applying a set of reduction rules. If
no more reductions are possible, a cost bound is computed in line 3. The algorithm
returns the current best cost vector if the cost bound exceeds the current best cost. If
the current best cost is not exceeded and A contains no more rows, the current
assignment forms a new solution with best cost. Otherwise, branching is required.
The algorithm selects a variable vx and assigns it to 1 (line 10) and 0 (line 16),
respectively. In both cases, the matrix is modified and the exact covering procedure is
called recursively.

4. Covering in hardware

4.1. Accelerator architectures

The basic architecture of our covering accelerators is shown in Figure 2. The
architecture is divided into four blocks: state machines (sm), checkers, cost counter
and controller. The state machines are arranged in a linear array, where each state
machine implements one search level of the branch & bound algorithm. A state
machine connects only to its immediate neighbor state machines above and below
the checkers, and the controller. The output of the state machines are the current
variable values that are fed into the checkers. The checkers deduce information from
a partial variable assignment. There are checkers for the result of the CNF (solution
found) and for various reductions such as don’t cares, essentials, and dominated
columns. The cost counter computes the cost of the current partial assignment. The
controller initializes and stops the search procedure and computes the cost bound,
i.e., decides for each assignment whether to continue search on the current path or
not.
The basic backtracking mechanism is similar to the one described in Platzner and

Micheli [14] and uses 3-valued logic to model the variables, the clauses, and the
CNF. Values can be in f0; 1;Xg, X denoting an unassigned variable, which allows to
analyze partial assignments. At the beginning, all variables are X. After each value
assignment, the CNF checker inspects the CNF result. If the CNF is 0, then we have
identified a contradiction and backtrack. If the result is 1, a new valid cover has been
found. If this cover has the least cost so far, the corresponding variable assignment is
saved. In either case the accelerator backtracks to continue search on another path
of the search tree. If the CNF is X, we proceed with the search on the current path.
The searching procedure is started by the controller that triggers the first state
machine. Depending on the checker results and the result from evaluating the bound
condition, a state machine changes its assignment (continue search with different
value), triggers the next state machine (continue search by branching), or triggers the
previous state machine (backtrack due to bound or reduction).
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Algorithm 1 Exact covering algorithm [7]

1: exact_cover ðA; v; bÞ {
2: reduce matrix A and update v

3: if ðcost_bound ðA; vÞ 	 jbjÞ then
4: return ðbÞ
5: end if

6: if ðA has no more rowsÞ then
7: return ðvÞ
8: end if

9: select a branching variable vx
10: vx/ 1
11: A0 /A after deleting column x and incident rows
12: v0 / exact_cover ðA0; v; bÞ
13: if ðjv0j < jbjÞ then
14: b/ v0

15: end if

16: vx/ 0
17: A0 /A after deleting column x
18: v0 / exact_cover ðA0; v; bÞ
19: if ðjv0j < jbjÞ then
20: b/ v0

21: end if

22: return ðbÞ
23: }

4.2. Checker modules

4.2.1. CNF checker. The CNF checker takes the current variable assignment as
input vector and computes the result of the CNF in 3-valued logic. Each clause is
evaluated individually and the results of the clauses are fed into a wide AND-gate,
see Figure 3(a).

4.2.2. Reductions. We have designed checkers for the reduction techniques
don’t cares, essential columns, and dominated columns. The results of the
checkers are functions of the current variable assignment and not of previous
variable states. Thus the checkers can be implemented in pure combinational
logic. The checkers’ logic is derived from the CNF during the circuit synthesis
step which is part of the accelerator’s runtime. Figure 3 shows the structure
of the checkers. For each reduction rule, there is a dedicated checker module
that takes the current variable assignment vector as input, evaluates the reduction
rule for all variables in parallel, and outputs a vector of predicates indicating
whether the respective conditions apply under the current variable assignment.
The output of the reduction checkers is in 2-valued Boolean logic. In the
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following, the reduction techniques are explained on the example of the covering
matrix shown in Figure 1(b) which corresponds to the CNF
ðv1 þ v2Þ ? ðv1 þ v3Þ ? ðv2 þ v3Þ ? ðv3 þ v4Þ.

. don’t cares. A don’t care variable is a variable that has no influence on the result
of the CNF. Hence, it can be set to 0 to minimize cost. For example, when v3 in
Figure 1(b) is set to 1, v4 becomes a don’t care variable. The don’t care condition
for v3 is ðv1 ? v2 ? v4Þ. The don’t care condition for a variable vs can be derived from
the clause values ci of the CNF and the covering matrix A:

dcvs ¼
m̂

i¼1
c0i; c0i ¼

ci; if A½i; s ¼ 1
1; else.

�
ð2Þ

The don’t care checker operates directly on the clause values rather than on the
variable values, see Figure 3(b). As the CNF checker already computes the 3-
valued clause values ci, our implementation of the don’t care checker reuses these
intermediate signals.

Figure 2. Architecture of the covering accelerator.
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. essential columns. Essential columns correspond directly to implications in SAT
problems. Generally, an implied variable may imply other variables in turn. For
unate covering problems, however, the situation is simpler as an implied variable
cannot imply another variable. For example, v3 set to 0 in Figure 1(b) implies that
v4 is set to 1 as this is the only way to cover row e4. The essential checker module
generates an essential condition for each variable. For example, the essential
condition for v2 is ð�vv1 þ �vv3Þ. Figure 3(c) show a schematic view of the essential
checker.
Algorithm 2 presents a pseudo code for the generation of the essential logic for a

single variable vs. The procedure returns a string with the expression essvs . The
operator j denotes concatenation. For a matrix with n variables and m clauses, the
procedure is called n times and runs overall in Oðmn2Þ.

. dominated columns. A variable that corresponds to a dominated column can
be set to 0. In the matrix of Figure 1(b), column v2 is dominated by v1 if row
e3 is covered and by v3 if row e1 is covered. This results in the dominated
column condition docv2 ¼ ðv1 þ v3Þ. The dominated column checker module
generates a condition for each variable. Figure 3(d) shows a schematic view of
the checker.

Figure 3. Structure of the different checker modules: (a) CNF checker, (b) don’t care checker, (c)

essential checker, (d) dominated column checker.

INSTANCE-SPECIFIC ACCELERATORS FOR MINIMUM COVERING 117



Algorithm 2 Generation of an essential condition

Require: Matrix A½i; j, variable index s

Ensure: essential logic essvs

1: sum/ ‘‘0’’
2: for ði ¼ 1 to mÞ do
3: if ðA½i; s ¼ 1Þ then
4: product/ ‘‘1’’
5: for ðk ¼ 1 to n; k 6¼ sÞ do
6: if A½i; k ¼ 1 then

7: product/ product j ‘‘ ? �vvk’’
8: end if

9: end for

10: sum/ sum j ‘‘þ’’ j product
11: end if

12: end for

13: return ðsumÞ

To derive a generator procedure for the dominated column logic, we start with
considering two variables and four rows of the matrix, and then generalize to m rows
and n variables. Figure 4(a) shows two columns vi and vj with four rows c1; . . . ; c4
that represent all possible pairs of matrix entries. When the search procedure starts,
all variables will be initialized to X. During search, variables will be set to 1 and 0, or
again relaxed to X. The row values are computed in the CNF checker and are
initially also X. A row value of 0 means that the corresponding clause is contradicted
and thus the CNF is contradicted. In such a case, backtracking occurs and some of
the current value assignments will be changed. Hence, in order to determine whether
and which column dominates, we need to consider only the values X and 1 for the
rows. Figure 4(b) shows the possible value combinations for the rows (clauses) of
Figure 4(a). The table entries indicate the dominated columns. An entry i or j means
that columns vi and vj are dominated, respectively. An entry i� states that column vi

Figure 4. Possible row values for two columns and Karnaugh map for the dominated column condition.
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is dominated and, additionally, a don’t care. In this case we are free to choose
whether this combination is included in the dominated column logic for vi. The entry
i� þ j� denotes two columns that would dominate each other. It can be shown that in
the presence of don’t care and essential checkers both columns are already
determined. Therefore, we can choose to cover none, one, or both of them.
Finally,—indicates that no column is dominated.
From Figure 4(b) we derive functions docðvi ;vjÞ and docðvj ;viÞ that indicate whether vj

dominates vi and vice versa:

docðvi ;vjÞ / ðc3 ¼ 1Þ6ðvj 6¼ 0Þ; ð3Þ
docðvj ;viÞ / ðc2 ¼ 1Þ6ðvi 6¼ 0Þ: ð4Þ

In our architecture, a dominated column condition is evaluated only when the state
machine for the variable (column) is activated. Hence, we have to check for the case
where a variable causing a dominated column condition is assigned to 0. Such an
assignment breaks the column dominance. Consequently, above conditions include
terms of type ðvi 6¼ 0Þ. At this point our reduction is weaker than column dominance
in software, where a dominated column is simply deleted from the covering matrix.
The scheme is now generalized to m rows. There are four possible pairs of entries

in the matrix: ð0; 0Þ, ð1; 1Þ,

. ð0; 1Þ with k appearances in rows ca1 ; . . . ; cak

. ð1; 0Þ with l appearances in rows cb1 ; . . . ; cbl .

If :ððk 	 1Þ6ðl 	 1ÞÞ is true, one of the columns is clearly dominated. If k ¼ 0; vj is
dominated; if l ¼ 0; vi is dominated. If both k and l are zero, one of the columns is
redundant. The matrix is reduced at compile time until all pairs of columns have
both k and l larger than zero. Then the dominated column logic is derived as follows:
For vj to dominate vi, all the l pairs ð1; 0Þ must have been covered; for vi to dominate
vj, all k pairs ð0; 1Þ must have been covered:

docðvi ;vjÞ /
l̂

t¼1
ðcbt ¼ 1Þ

 !
6ðvj 6¼ 0Þ; ð5Þ

docðvj ;viÞ /
k̂

s¼1
ðcas ¼ 1Þ

 !
6ðvi 6¼ 0Þ: ð6Þ

Figure 3 shows a pseudo code for the generation of the dominated column conditions
for a pair of variables. For amatrix with n columns there exist n
 1 dominated column
conditions for each variable. A column is dominated, if any of these conditions applies:

docvi /
_n

j¼1; j 6¼i
docðvi ;vjÞ: ð7Þ

Overall, there are ðn=2Þ pairs of columns for which dominated column conditionsmust
be generated, which takes Oðmn2Þ time.
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4.3. Cost counter

For evaluating the bounding condition, the cost of the current variable assignment is
required. In covering problems with unit cost, the cost of a variable assignment is
defined by the number of variables that are assigned to 1. Since a new cost bound
must be computed after every single variable assignment, i.e., potentially every cycle,
an efficient implementation of the cost counter is crucial for the overall performance
of the accelerator. To compute the current cost, we use an n-bit-parallel counter
structure. Such a counter is basically an adder that sums up n single bit inputs. A
tree-style implementation for parallel counters was proposed by Swartzlander in
Swartzlander [19]. Figure 5 shows the implementation of a 15-bit parallel counter.

Algorithm 3 Generation of a dominated column condition

Require: Matrix A½i; j, variable indices s and t

Ensure: dominated column logic docðvs;vtÞ; docðvt;vsÞ
1: lproduct/ ‘‘1’’
2: kproduct/ ‘‘1’’
3: for ði ¼ 1 to mÞ do
4: if ððA½i; s ¼ 1Þ6ðA½i; t ¼ 0ÞÞ then
5: lproduct/ lproduct j ‘‘ ? ðci ¼ 1Þ’’
6: else if ððA½i; s ¼ 0Þ6ðA½i; t ¼ 1ÞÞ then
7: kproduct/ kproduct j ‘‘ ? ðci ¼ 1Þ’’
8: end if

9: end for

10: docðvs;vtÞ / lprodj ‘‘ ? ðvt 6¼ 0Þ’’
11: docðvt;vsÞ / kprodj ‘‘ ? ðvs 6¼ 0Þ’’
12: return ðdocðvs;vtÞ; docðvt;vsÞÞ

The counter is built from full-adders (FA) organized in stages. The first stage consists
of 1-bit full-adders with outputs fed to the 2-bit full-adders in the next stage, and so
forth. The regular structure of the adders allows for an efficient FPGA implementa-
tion, using the fast-carry chain routing resources. A counter with n input bits results in
l ¼ blog2 ðnÞc levels. Hence the delay of an n bit parallel counter is bounded by:

tn
bit
ctr ¼
lðl þ 1Þ

2
? tadder;

where tadder is the delay of a 1-bit full-adder. For fast implementations of parallel
counters, faster adders such as carry-look-ahead or carry-select adders may be used.

4.4. Bound

Currently, our architecture uses current_best_cost 
 1 as cost bound. There is no
estimation of the cost added by variables not yet searched. While this leads to a
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straight-forward hardware implementation, it lacks the sophisticated bounding
techniques applied in most software solvers.

4.5. Statemachines

As shown in Figure 2, our covering solvers include a linear array of identical state
machines. Figure 6 shows the inputs/outputs and the state transition diagram for a
state machine. The state machine is connected to the state machine above by the
signals FT (from top) and TT (to top) and to the state machine below by the signals
TB (to bottom) and FB (from bottom). This is the only way for the state machines to
interact. The results from the checkers are fed back to the state machines via ST0 (set
to zero), in case the variable is don’t care or the column is dominated, and ST1 (set
to one), in case the variable is essential. The 3-valued result of the CNF is read via
the cnf input. CEX (cost exceeded) indicates that the cost bounding condition has
occurred.
Each state machine controls the value of its associated variable. At initialization,

the state machine assigns X to its variable. This value remains until the state machine
is either triggered from above via FT or the variable becomes essential as result of
other variable assignments. If the state machine is triggered from above and the
variable is neither don’t care nor dominated, the state machine assigns 1 to its
variable. This results in a CNF value of either 1 (satisfying assignment) or X. In the

Figure 5. Architecture of a 15-bit cost counter.

INSTANCE-SPECIFIC ACCELERATORS FOR MINIMUM COVERING 121



latter case, the next state machine is triggered and the control moves from the current
state machine to the next. This is the equivalent to a branch on 1 in software. Then
the current state machine waits for the signal FB, which indicates that the state
machine below is initiating backtracking. The state machine now assigns 0 to the
variable (branch on 0). At this point a wait state is inserted to allow the checkers to
compute new results. This is required as deasserting a variable might remove
essential conditions which in turn cause don’t cares and dominated columns. After
the wait state, the state machine checks the CNF again. If there is no contradiction
and the cost is not exceeded, search continues by triggering the next state machine. In
all other cases, backtracking is performed by signaling TT to the state machine
above.
The don’t care and dominated column reductions are handled as soon as the state

machine is activated (FT). In this case, the state machine directly assigns 0 to its
variable and passes control to the next state machine by signaling TB. If a variable is

Figure 6. Statemachine input/outputs and state transition diagram for the covering accelerator using

don’t cares, essentials and dominated column reductions.
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essential, the corresponding state machine immediately assigns 1, even without being
triggered by FT. If the state machine is triggered later on, is passes control directly to
the next state machine (TB) and waits for the signal (FB). An essential value remains
as long as the essential condition applies.

4.6. Adaption to other covering problems

An important design goal was to make the architecture extensible and adaptable to
different covering problems that require different algorithms for their reductions and
for calculating bounds. We support this by encapsulating the actual reductions in
checker modules and the bound calculation in the controller. The backbone of the
architecture is the array of state machines that implements backtracking search in 3-
valued logic.
Binate covering problems require slightly different reduction techniques. While

don’t cares apply to both unate and binate problems, essentials differ as in binate
problems implied variables can in turn imply other variables. Moreover, covering
problems can come as unit cost problems where all variables have the same cost
value of 1, or as integer cost problems where each variable has a cost value in n.
Our architecture can easily be adapted to integer cost by replacing the cost counter
with a cost adder.

5. Experiments

To evaluate the different accelerator architectures, we have implemented a design
tool flow that allows us to derive experimental performance data by simulation and
prototypical implementation. Figure 7 illustrates the overall design tool flow. A
problem instance is described in text form according to the DIMACS CNF file
format—a standard format for SAT problems. From this file, a Perl program
generates the instance-specific VHDL code. The Perl program uses VHDL code
templates describing the non-instance specific parts of the architecture and augments
this with generated code for the instance-specific parts, e.g., the various checkers.
The generated VHDL code is used for both simulation and implementation. The
implementation path employs Synopsys FPGA Compiler II for synthesis and the
Xilinx 4.1i back-end tools for place, route, and configuration bitstream generation.
Then, the bitstream is downloaded onto the FPGA in our prototyping hardware and
the accelerator circuit is started. The algorithm completes when the top-most state
machine signals the controller (see Figure 2). The monitor, a host software routine,
polls the controller for completion. When the accelerator has completed, the host
reads back the result.
For testing and benchmarking, we have chosen 16 small and 5 medium sized

problems from the ESPRESSO distribution. In order to obtain the benchmarks, we
have instrumented ESPRESSO to output the cyclic cores, i.e., the covering matrices
just before the first branch and after the first round of reductions. The resulting test
problems have from 4 to 62 variables and from 4 to 70 clauses.
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5.1. Simulation

The 21 test problems have been simulated using the Modelsim VHDL simulator.
Table 1 shows the detailed results of the simulation. Each benchmark is described by
the number of clauses and variables and the cost of the optimal solution. The
number of cycles reported corresponds to an accelerator architecture using don’t
care, essential columns and dominated column reductions and the state machine
shown in Figure 6. The right-most columns of Table 1 present the hardware
execution time, the software execution time and the resulting raw speedup.
The raw speedup has been calculated as Sraw ¼ tsw=thw and does not include the

hardware compilation time. The software execution time was determined by
measuring the runtime of ESPRESSO for covering the cyclic cores on a Sun
Ultra10 440MHz workstation. The ESPRESSO execution times for our bench-
marks range from 5ms to 1.3 s. The hardware execution time has been calculated by
multiplying the number of cycles with the clock period of an assumed clock rate of
25MHz.
Figure 8 shows the raw speedups for the benchmarks in logarithmic scale. Figure 9

summarizes these results in a speedup histogram, grouping the problems into
speedup classes of one order of magnitude. For one out of the 21 problems no raw
speedup was achieved at all, the other problems show speedups of several orders of
magnitude. The majority of benchmarks reveal a raw speedup of 1,000–10,000. The
architecture investigated in this simulation uses don’t cares, essentials and dominated

Figure 7. Tool flow for the covering accelerator.
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columns as reduction rules. In contrast, the software covering algorithm uses more
reduction techniques and much improved lower bounds. Depending on the problem
instance, the sophisticated software methods either drastically improve the
performance or just add a large overhead.

Table 1. Results from VHDL simulation of 21 EPSRESSO benchmarks

Benchmark Vars Clauses Cost Cycles hw @ 25mhz sw espresso [s] Raw speedup [s]

amd 27 25 12 2,673 1.07E
 04 1.00E
 02 9.35Eþ 01

b10 6 6 3 19 7.60E
 07 1.00E
 02 1.32Eþ 04

b3 9 10 4 33 1.32E
 06 2.00E
 02 1.52Eþ 04

bc0 8 8 4 41 1.64E
 06 4.40E
 01 2.68Eþ 05

bcc 12 12 6 94 3.76E
 06 5.00E
 03 1.33Eþ 03

bench 8 8 4 46 1.84E
 06 1.00E
 02 5.43Eþ 03

chkn 6 6 3 26 1.04E
 06 5.00E
 03 4.81Eþ 03

dekoder 7 7 4 46 1.84E
 06 5.00E
 03 2.72Eþ 03

dk27 8 8 4 39 1.56E
 06 5.00E
 03 3.21Eþ 03

f51m 14 15 7 172 6.88E
 06 2.00E
 02 2.91Eþ 03

m181 20 27 9 246 9.84E
 06 7.00E
 02 7.11Eþ 03

mark1 4 4 2 12 4.80E
 07 5.00E
 03 1.04Eþ 03

newill 6 6 3 25 1.00E
 06 5.00E
 03 5.00Eþ 03

root 14 16 7 112 4.48E
 06 1.00E
 02 2.23Eþ 03

tms 9 9 5 60 2.40E
 06 5.00E
 03 2.08Eþ 03

wim 7 7 4 46 1.84E
 06 5.00E
 03 2.72Eþ 03

dist 45 41 20 37,615 1.50E
 03 1.00E
 02 6.65Eþ 00

in2 38 42 17 8,800 3.52E
 04 5.00E
 03 1.42Eþ 01

intb 58 62 28 142,357 5.69E
 03 1.32E
 00 2.32Eþ 02

l8err 62 70 21 571,785 2.29E
 02 1.00E
 02 4.37E
 01

m3 42 39 19 8,115 3.25E
 04 2.00E
 02 6.16Eþ 01

Figure 8. Raw speedup for the covering accelerator compared to ESPRESSO.

INSTANCE-SPECIFIC ACCELERATORS FOR MINIMUM COVERING 125



5.2. Implementation

The accelerator circuits have been implemented on a prototyping platform consisting
of a PC with a PCI carrier-board SMT320 and an FPGA module SMT358, both
from Sundance (www.sundance.com). The FPGA module is equipped with a Xilinx
Virtex XCV1000-BG560-4 device. The smallest configurable unit of a Virtex FPGA
is a slice. The XCV1000 device provides 12,288 slices.
The results show that the benchmark circuits achieve clock rates of 30–50MHz.

This justifies the assumption of a 25MHz clock rate, which formed the basis for the
speedup figures. Synthesis and design implementation tools run on a Sun Ultra10
440MHz workstation with 512MB RAM. Without any optimizations and design
constraints, the times required to map from the problem description to the
accelerator bitstream are in the order of minutes. For the benchmark amd, which has
27 variables and 25 clauses, code generation takes 4 seconds, circuit synthesis 160
seconds, and place and route 360 seconds. The time used for FPGA configuration
and readback of the solution is negligible. The circuit for the amd benchmark
required an area of 1,072 slices, which amounts to 8% of the FPGA. Obviously, the
long synthesis times render hardware acceleration of our small test problems useless.
However, the goal for the accelerator are hard and large problems with long
software runtimes. Further, the accelerators will greatly benefit from techniques that
reduce hardware compilation times.
To evaluate the influence of the covering solver architecture, i.e., the number of

used checkers, on the performance and hardware cost, we have implemented several
accelerator versions for three larger benchmarks. For each benchmark, we have
implemented following four variants: CNF checker only (CE), CNF checker and
don’t care checker (CEDC), CNF checker and don’t care and essential checker
(CEDCES), and the most sophisticated architecture including CNF, don’t care,
essential and dominated column checker (CEDCESDCOL). The state machines of

Figure 9. Raw speedup histogram.
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the accelerators have been simplified according to the actually used checkers. Figure
10 shows the relative size and performance of the different covering solvers,
normalized to the CE architecture. Each additional reduction technique improves
the speedup by roughly one order of magnitude, while the additional hardware effort
is moderate. On average, the CEDCESDCOL architecture yields a speedup of 3,600
over the CE architecture with an increase in hardware resources of only 80%.
The hardware required to implement an accelerator circuit depends strongly on

the problem instance at hand, i.e., the distribution of the variables over the clauses.
Although the size of some modules of the accelerator is either constant or linear in
the number of variables, n, the checker modules depend on the specific structure of
the problem instance. In our architecture, the constant modules take 210 slices. The
state machines require n612 slices, the cost counter n60:5 slices, and the controller
n61:5 slices. The largest ESPRESSO benchmark for which we were able to
implement an accelerator (CEDCES) in the XCV1000FPGA has 313 variables and
302 clauses.

6. Conclusion and further work

We have discussed reconfigurable accelerators for the minimum-cost covering
problem. These accelerators are instance-specific and generate customized circuits
during runtime. Based on a standard tool flow leveraging on commercial design
tools, we have conducted simulation and implementation experiments with small
unate covering instances. Our experiments have demonstrated the high potential of
accelerating minimum-cost covering problems with instance-specific hardware. We
have achieved raw speedups up to five orders of magnitude for small covering
instances. While these results are very promising, there are still challenges that must
be answered to make instance-specific accelerators competitive to software solvers:

Figure 10. Relative performance and hardware cost for different accelerator architectures.
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. Improved architectures. While our architecture implements many of the
techniques found in software solvers, it still lacks reductions such as elimination
of dominant rows and sophisticated cost bounds. Therefore, more reduction
techniques and better cost bounds in hardware have to be investigated.

. Reduced hardware compilation times. For small problem instances, the high raw
speedups are nullified by the long hardware compilation times. An important line
of further research concentrates on bringing down hardware compilation times. A
promising approach combines incremental, customized synthesis with partial
FPGA reconfiguration.
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