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ABSTRACT

In this contribution we derive the Maximum A-Posteriori
(MAP) estimates of the parameters of a Gaussian Mixture
Model (GMM) in the presence of noisy observations. We
assume the distortion to be white Gaussian noise of known
mean and variance. An approximate conjugate prior of the
GMM parameters is derived allowing for a computationally
efficient implementation in a sequential estimation frame-
work. Simulations on artificially generated data demonstrate
the superiority of the proposed method compared to the
Maximum Likelihood technique and to the ordinary MAP ap-
proach, whose estimates are corrected by the known statistics
of the distortion in a straightforward manner.

Index Terms— Gaussian mixture model, Maximum like-
lihood estimation, Maximum a posteriori estimation

1. INTRODUCTION

Gaussian Mixture Models, i.e., weighted linear combinations
of Gaussians whose weights sum up to unity, are often a much
more realistic model of real-world data than a single Gaus-
sian. They have found widespread use in many different fields
such as image processing (clustering-based image segmenta-
tion) and biometric systems (speaker-independent automatic
speech recognition).

The Maximum Likelihood (ML) estimates of the param-
eters of the GMM, i.e., of weights, means and variances of
the component densities, can be derived by the Expectation
Maximization (EM) algorithm [1, 2]. This has been extended
to the MAP estimation by employing conjugate a-priori dis-
tributions, see, e.g., [3] for a textbook treatment. The MAP
estimation of GMM parameters has also important applica-
tions, such as the adaptation of an acoustic model of a speech
recognizer to the statistics of a target speaker [4].

In many applications, however, the GMM process is not
directly observable, but is superposed by additive noise. The
problem occurs, for example, in speaker recognition or MAP-
based speaker adaptation if the input data are corrupted by
noise. In these applications noise estimation algorithms, such
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as the minimum statistics method [5], are able to provide es-
timates of the statistics of the corrupting noise process. But
even if the noise statistics are known, it is unclear how to ob-
tain the MAP estimates of the GMM parameters.

In an earlier work we have shown how MAP estimates of
a single Gaussian can be obtained from noisy observations:
the posterior was approximated by a probability density func-
tion (PDF) from the same family as the prior to allow for an
efficient realization in a sequential estimation framework [6].
The mode of the approximate posterior was chosen to match
the mode of the exact posterior.

In this work we adopt this idea and extend it to develop
a computationally efficient MAP estimation of the GMM pa-
rameters in the presence of noisy observations. We assume a
block sequential setup, where the GMM parameters and the
noise statistics are taken to be constant for the duration of N
observations. From block to block both the target process and
the noise statistics are allowed to change. Thus the derived
method is able to track the parameters of a non-stationary
GMM process in the presence of time-variant additive noise.
The simulations show that improved mean and variance esti-
mates are obtained compared to standard methods.

The paper is organized as follows. In Section 2 the MAP
estimator is derived. Due to lack of space we concentrate on
those parts which are different from the ordinary MAP esti-
mation in the absence of noise on the observations. In Sec-
tion 3 we present simulation results followed by conclusions
drawn in Section 4.

2. MAP-BASED GMM PARAMETER ESTIMATION
FROM NOISY OBSERVATIONS

We consider a real-valued stationary random process {X,,},
whose realization x,, of the n-th random variable X, is drawn
from an univariate GMM z,, ~ Zszl wy - N (ux, 03) with
given model order K for n = 1,..., N. Our goal is to es-
timate the weights wy, means jy and variances o; of the
GMM from noisy observations &V = {Z1,...,%p,..., N},
where T, = x, + e,, given an a-priori model for the in-
volved parameters. The distortion is the realization of a white
Gaussian process with the known mean and variance, i.e.,
en~N (1, 0%). Denoting the parameters to be estimated by



O0={wy, g, 03;k=1,..., K}, the MAP estimate is given by

Ouap = argmax p(0|7Y) = argmax p(zV]0) - p(6). (1)
) )

The MAP estimate is determined with the help of the EM
algorithm using the auxiliary function

Q(0.6) = E [10g p(z)|0) 7, 0] @)

where 0 are the parameter estimates of the last iteration. Here,
N = [#, 1IV] denote the complete data comprising the noisy
observations 71V and the unknown labels IV = [y,... Iy
with [,, € {1,...,K}. After convergence of the EM algo-

rithm the MAP estimate is obtained via the maximization of
L(0.0) == 209 . p(g). 3)

For the GMM viewed here the auxiliary function is given by

Q(6,0) = )
K N

>N Plln = klin, 0)-In [P(l, = k|0)-p(&n|ln = k,0)],
k=1n=1

which gives, after some manipulations [7],
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with o, =k - p(Zn|l, =k, é) and anzszzlan_’k, where
@r=P(l,=k|0) and wy=P(l,, =k|0).

Using p(@n|ln = k,0) = N(Zn; uk + pg, 0r + 0%) we
arrive at

V(@ — (g +up)2+5,
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and Sp = Zivzl Yok (Tn — T)?.

To enable an efficient estimation procedure, the a-priori
PDF p(0) = P(w) - [Tr—, p(uxlo?) -p(0?) is chosen to be a
conjugate prior to the likelihood-function for error free obser-
vations Z,, = z,. The weights wy are modeled by a Dirichlet
distribution P(w) =[5, wi*° ™",

sian distribution p(yux|07) o< 2= - exp (7

the means y, by a Gaus-
7(‘%#”’“'0)2) and the

202 /Kk,0

variances o7 by a scaled inverse chi-squared (SICS) distribu-
. 2 1 Vk’0+2 Vi oAi 0 . .
tion p(o) (a) . exp<f 5o ) with the following
k
hyperparameters: concentration parameters &y o, means my o,

compactness degrees Ky, ¢, degrees of freedom v, o and scale
factors )\i o- Hence, the a-priori PDF is given by:
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However, in the case of noisy observations, the term L (6, é)
in (3) no longer has the same algebraic form as the prior p(0)
in (7). While an update formula for the concentration param-
eters can be found according to

&k = Eko + Tk, (8)

trying to find an update formula for the hyperparameters of
the Gaussian PDF for p, leads to
o2
mm:mw———%, ©)
oy +to
Vi - 07 (Tl — BB — M)
Ko (08 +0%) + k- 08

my(o}) = Mo + (10)
which depend on the unknown variance ak. Similar to [6] we
suggest to eliminate this dependence by replacing o7 by its

estimate O’k, obtained from the last EM iteration:
my = mg(67). (11)

Estimates of wy, and p, are calculated from the updated hy-
perparameters of (8) and (10) by

1—
C:Jk = 7&6 and ,[Lk = mk. (12)

K
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Using the approximation (11) and concentrating on the
terms in L (@, 0) that depend on the variance o} leaves

ki = ki (G7);
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which no longer has the algebraic form of a SICS distribution.

In order to obtain a computationally efficient MAP es-
timation we need to establish a conjugate prior. This is
achieved by approximating f (a,%) by a SICS distribution
having the maximum at the same position as f(03).

In the following we show how the maximum of f(o?) can
be found efficiently. First we note that there is only a single
local maximum in RT. To see this, consider the function:

9() = =2-In(f(¥)) = (14)

K, K K
Koot K + o + m + K5-lny + K7 - In(yp + Kop)
with constants K, = Vk70~)\i70, Ko=rp 0 (Tr—mro—pEe)%,
K3 =1+ kro/v Ki=rkro- o/ Ks=wvro+ 3,
K¢ = Sk, K7z =, Ko=o0%andy = o} > 0. Since
g() is continuous and a sum of strictly monotonically in-
creasing and strictly monotonically decreasing functions with
limy 0 g(¥) = limy 00 g(¥) = 00, g(¢) has exactly one
minimum 1)y, which is the maximum of f(¢).

At the same time 1) is the single positive root of the
derivative f'(v) = h(y)/(¥?(Ksp+K4)?(h+Ko)?) with
W) = (K3t + Ka)2( + Ko) - ha() +17 - hy (1)), where

ha(1) =(K5 + K7)ip* + (KoKs — K1) — KoK,
hy () = — Ko(K3tp + Ky)* — KoK3(1) + Ko)?.




Since h(1)) is a fifth order polynomial, the analytical determi-
nation of vy, is very complicated. We suggest to find it nu-
merically by a combination of the interval bisection and the
Newton method. To determine a start interval [by,, by] for the
bisection approach with by, by > 0, h(br,) <0 and h(by) >0,
the functions h, () and hy(v)) are analyzed. It can be verified
that b, (br,) < 0 for

K1 —KoKs5++/(KoKs— K1)>+4KoK1(K5+ K7)
2(Ks5+ Kr) 7
5)
which can be used as the lower limit b, of the start interval,
since hy (1) < 0 for Vi. As an upper limit by we suggest to
use the global sample variance. After executing a number of
bisection loops, a rough estimate of ¢, is calculated, which is
used as a starting value of the Newton approach. The resulting
estimate of the Newton method z/;k is taken as the mode of
posterior PDF of the variance: 67 = z/;k
In a sequential estimation setup, where the posterior esti-
mated on the preceding data block [ is taken as the prior for
the next block [ + 1, the prior PDF of the variance is chosen to
be a SICS with mode &3 ; found by the procedure described
before. The scale factors of the established conjugate prior for

. 2 _ Vko+2 22
the variances can then be calculated by Ag ;; = oo Ok

br

The mean hyperparameters are set to 7, ;41 = fik,1.

If the target process is stationary, all hyperparameters
should be updated after each block of data, resulting in more
reliable estimates as more data come in. If, however, the
target process x, is non-stationary, an update of all hyper-
parameters would result in an estimator, which is unable to
track the time-variant statistics, due to its increasingly narrow
bandwidth. The importance of the prior relative to the current
data block, and thus the bandwidth of estimator, is controlled
by the values of the hyperparameters £y, ;, K1, and v ;. Thus,
they should be kept to constant values chosen according to
the degree of time-variance of the GMM parameters.

3. SIMULATION RESULTS

To verify the proposed estimation method we generated
data samples 2} = x1,..., 2 by drawing them from a
GMM of given model order K with constant parameters
wk, Wi and oy, randomly drawn for each simulation under
the constraint of multi-modality of the GMM. To generate
the noisy observations Z,,, we divided the sample sequence
2™ in L = 1000 blocks of length N = M/L. In the

[-th block for [ = 1,..., L, realizations e,, of an additive
noise were generated by draws from a Gaussian PDF with
time-variant mean pp; = C - sin(4nl/L)/2 and standard

deviation og; randomly drawn from a uniform distribution
on [0;C - sin?(27l/L)]. Thus, the statistics of the distor-
tion is constant within each block and changes from block to
block. The constant C' controls the maximum values of pg
and o ; and thus the signal-to-noise ratio. In order to have a

sufficient number of observations for a pure ML estimation of
the parameters in each block, which we consider for compari-
son purposes, the number of observations per block was set to
N = 3K - 10. Note that the total number of observations M
thus depends on the GMM order K.

The proposed MAP-based approach, denoted by MAPD,
was then applied to obtain estimates MAFPP, GMAPP and 5MAP
for each block . Despite of the stationary target proces§ we
kept the hyperparameters i ; =&x,0=09, Kk,; = Kro = ON
and v = vi,0 = IV constant for all data blocks. The start
values of the hyperparameters my o and Ai,o were set such
that the corresponding modes of p(@) are located close to the
true values py and U,% respectively. It should be noted that
the assumption of a good a-priori knowledge was used for all
tested approaches. While the hyperparameter my,; and A2
are updated from block to block, as mentioned before, théy
remain unchanged within iterations of the EM-algorithm on
the same data block. The maximum number of EM iterations
was set to 5 for all tested estimators. The root z/AJk was calcu-
lated for each EM iteration by executing 10 bisections and a
maximum of 10 iterations of the Newton method.

Furthermore, the ML method and the ordinary MAP ap-
proach from [4] were applied on the same data 7} (both
without consideration of the presence of the distortion) with
resulting estimates @'y, i3y, 63y and G, @, ot
respectively. Since knowledge of the statistics pg; and og
is assumed, these estimates can be corrected in a straightfor-
ward manner to obtain estimates, which are denoted as plain
ML (pML) and plain MAP (pMAP) respectively:

AP A0 AP a0
Wei = Wk,i» Hip = Mk — HEL (16)
0 \2 2 A0
5P _ (63,)° —og, fordy, >op, a7
kil = b0 .
min(6} ;) otherwise

forl’ =1,...1—-1and Q = {"ML’,"MAP’}. The pMAP app-
roach used the same set of hyperparameters as the proposed
MAPb method.

Examples of the performance of the pML, pMAP and
MAPD methods are illustrated in Fig. 1. The trajectory of the
4-th component of the target process, z;, 4 ~ wy - N (4, 0%),
where wy = 0.23, ugy = 42.8 and 04 = 3.3, and of the
associated noisy process Ip.4 = Zn,4 + €, are depicted in
Fig. 1(a). The estimates ﬂzl,vlu‘ and 631,\;& given in Fig. 1(b)
and in Fig. 1(c) result in a too large variance. Furthermore,
the larger the noise variance 0% | is, the stronger the ML es-
timates scatter. This behavior can also be seen in the pMAP
estimates. While ﬂilj?AP varies only slightly with 0%, ;, the es-

timates 621_\?“) exhibit large variations. The proposed MAPb
method delivers the best trajectories.

To quantitatively evaluate the performance of the estima-
tors we calculated the root-mean-squared error (RMSE) of
the weight, mean and variance estimates denoted by RMSE,,,,
RMSE,, and RMSE, respectively, averaged over all K com-
ponent densities. The RMSE,, and RMSE,: values of the
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Fig. 1. Sample trajectories of pML, pMAP and MAPb meth-
ods for one GMM component (k=4, K=8, C=16).

tested estimators, averaged over 100 experiments, for model
orders K € [2,4,8,16] and values of C' € [0,2,4, 8,16, 32]
are depicted in Fig. 2. The RMSE values of the pML method
appeared to be independent of K and are thus given only
once. For all tested conditions the MAPb approach performs
better than the pML method. As expected the pMAP ap-
proach reaches comparable performance to that of the pro-
posed MAPb method only for small values of C.

Fig. 2(a) furthermore shows that the RMSE, values of all
approaches increase with growing variance of the distortion,
as controlled by the parameter C'. Superiority of the MAPb
approach over pML and pMAP methods becomes larger
with growing GMM order K and especially for large values
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Fig. 2. (a) RMSE, and (b) log;((RMSE,2) of the pro-
posed (MAPD), plain MAP (pMAP) and plain ML (pML)
estimators, averaged over 100 experiments, for model order
K € [2,4,8,16] and for values of C' € [0, 2,4, 8, 16, 32].

of C. Please note the logarithmic scaling of the ordinate in
Fig. 2(b)! While the RMSE, = values of the pML and pMAP
approaches increase with growing C, they seem to be inde-
pendent of C' for the MAPb approach. Further, it should be
mentioned that the RM SE,, values of the MAPb approach
are slightly smaller than those of pML and pMAP. This is
based on the better performance of MAPbD in estimating the
means /i, and variances o ; compared to the other methods.

In experiments not repofted here we verified the superi-
ority of the proposed MAPb approach over pML and pMAP
methods in tracking time-variant GMM parameters.

4. CONCLUSIONS
AND RELATION TO PRIOR WORK

We have shown how MAP estimation of GMM parameters
can be carried out in the presence of additive white Gaus-
sian noise of known mean and variance. We have proposed a
method to find an approximate posterior from the same family
as the prior, which allows for an efficient estimation in a se-
quential estimation framework. Estimates with significantly
lower error variance are obtained compared to other methods.

While the MAP estimation of the GMM parameters is al-
ready well-known [3], we present for the first time an approx-
imate MAP estimator for the case that the target process is
superposed by additive noise, a situation often occurring in
practice. This is an extension of our earlier work [6], where
we introduced an approximate MAP estimator in the presence
of noisy observations, where the target process was a plain
Gaussian random process.
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