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Common key ideas to all discussed rl methods so far

1 Estimating and comparing value functions
2 Backing up values along actual or possible state trajectories
3 Usage of GPI mechanism to maintain an approximate value function and policy trying to

improve each of them on the basis of the other

86 Chapter 4: Dynamic Programming

to determine the states to which the DP algorithm applies its updates. At the same time,
the latest value and policy information from the DP algorithm can guide the agent’s
decision making. For example, we can apply updates to states as the agent visits them.
This makes it possible to focus the DP algorithm’s updates onto parts of the state set that
are most relevant to the agent. This kind of focusing is a repeated theme in reinforcement
learning.

4.6 Generalized Policy Iteration

Policy iteration consists of two simultaneous, interacting processes, one making the value
function consistent with the current policy (policy evaluation), and the other making
the policy greedy with respect to the current value function (policy improvement). In
policy iteration, these two processes alternate, each completing before the other begins,
but this is not really necessary. In value iteration, for example, only a single iteration of
policy evaluation is performed in between each policy improvement. In asynchronous DP
methods, the evaluation and improvement processes are interleaved at an even finer grain.
In some cases a single state is updated in one process before returning to the other. As
long as both processes continue to update all states, the ultimate result is typically the
same—convergence to the optimal value function and an optimal policy.
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We use the term generalized policy iteration (GPI) to re-
fer to the general idea of letting policy-evaluation and policy-
improvement processes interact, independent of the granularity
and other details of the two processes. Almost all reinforcement
learning methods are well described as GPI. That is, all have
identifiable policies and value functions, with the policy always
being improved with respect to the value function and the value
function always being driven toward the value function for the
policy, as suggested by the diagram to the right. If both the
evaluation process and the improvement process stabilize, that
is, no longer produce changes, then the value function and policy
must be optimal. The value function stabilizes only when it
is consistent with the current policy, and the policy stabilizes
only when it is greedy with respect to the current value function.
Thus, both processes stabilize only when a policy has been found that is greedy with
respect to its own evaluation function. This implies that the Bellman optimality equation
(4.1) holds, and thus that the policy and the value function are optimal.

The evaluation and improvement processes in GPI can be viewed as both competing
and cooperating. They compete in the sense that they pull in opposing directions. Making
the policy greedy with respect to the value function typically makes the value function
incorrect for the changed policy, and making the value function consistent with the policy
typically causes that policy no longer to be greedy. In the long run, however, these
two processes interact to find a single joint solution: the optimal value function and an
optimal policy.

4.7. E�ciency of Dynamic Programming 87

v⇤,⇡⇤

⇡ = greed
y(v)

v,⇡

v = v⇡

One might also think of the interaction between
the evaluation and improvement processes in GPI
in terms of two constraints or goals—for example,
as two lines in two-dimensional space as suggested
by the diagram to the right. Although the real
geometry is much more complicated than this, the
diagram suggests what happens in the real case.
Each process drives the value function or policy
toward one of the lines representing a solution to
one of the two goals. The goals interact because the two lines are not orthogonal. Driving
directly toward one goal causes some movement away from the other goal. Inevitably,
however, the joint process is brought closer to the overall goal of optimality. The arrows
in this diagram correspond to the behavior of policy iteration in that each takes the
system all the way to achieving one of the two goals completely. In GPI one could also
take smaller, incomplete steps toward each goal. In either case, the two processes together
achieve the overall goal of optimality even though neither is attempting to achieve it
directly.

4.7 E�ciency of Dynamic Programming

DP may not be practical for very large problems, but compared with other methods for
solving MDPs, DP methods are actually quite e�cient. If we ignore a few technical details,
then the (worst case) time DP methods take to find an optimal policy is polynomial in
the number of states and actions. If n and k denote the number of states and actions, this
means that a DP method takes a number of computational operations that is less than
some polynomial function of n and k. A DP method is guaranteed to find an optimal
policy in polynomial time even though the total number of (deterministic) policies is kn.
In this sense, DP is exponentially faster than any direct search in policy space could
be, because direct search would have to exhaustively examine each policy to provide the
same guarantee. Linear programming methods can also be used to solve MDPs, and in
some cases their worst-case convergence guarantees are better than those of DP methods.
But linear programming methods become impractical at a much smaller number of states
than do DP methods (by a factor of about 100). For the largest problems, only DP
methods are feasible.

DP is sometimes thought to be of limited applicability because of the curse of dimen-
sionality, the fact that the number of states often grows exponentially with the number
of state variables. Large state sets do create di�culties, but these are inherent di�culties
of the problem, not of DP as a solution method. In fact, DP is comparatively better
suited to handling large state spaces than competing methods such as direct search and
linear programming.

In practice, DP methods can be used with today’s computers to solve MDPs with
millions of states. Both policy iteration and value iteration are widely used, and it is not
clear which, if either, is better in general. In practice, these methods usually converge
much faster than their theoretical worst-case run times, particularly if they are started

Fig. S-I.1: Generalized policy iteration (GPI) as a mutual building block of all previously discussed RL
methods (source: R. Sutton and G. Barto, Reinforcement learning: an introduction, 2018, CC
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two important rl dimensions: update depth and width190 Chapter 8: Planning and Learning with Tabular Methods
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Figure 8.11: A slice through the space of reinforcement learning methods, highlighting the
two of the most important dimensions explored in Part I of this book: the depth and width of
the updates.

ranging from one-step TD updates to full-return Monte Carlo updates. Between these
is a spectrum including methods based on n-step updates (and in Chapter 12 we will
extend this to mixtures of n-step updates such as the �-updates implemented by eligibility
traces).

Dynamic programming methods are shown in the extreme upper-right corner of the
space because they involve one-step expected updates. The lower-right corner is the
extreme case of expected updates so deep that they run all the way to terminal states
(or, in a continuing task, until discounting has reduced the contribution of any further
rewards to a negligible level). This is the case of exhaustive search. Intermediate methods
along this dimension include heuristic search and related methods that search and update
up to a limited depth, perhaps selectively. There are also methods that are intermediate
along the horizontal dimension. These include methods that mix expected and sample
updates, as well as the possibility of methods that mix samples and distributions within
a single update. The interior of the square is filled in to represent the space of all such
intermediate methods.

A third dimension that we have emphasized in this book is the binary distinction
between on-policy and o↵-policy methods. In the former case, the agent learns the value
function for the policy it is currently following, whereas in the latter case it learns the

Fig. S-I.2: A slice through the RL method space (source: R. Sutton and G. Barto, Reinforcement
learning: an introduction, 2018, CC BY-NC-ND 2.0)
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Other important rl dimensions

Selected, non-exhaustive list:

▶ Problem space: How many states and actions? Stochastic vs. deterministic environment?
Stationary?

▶ Policy objective: on-policy vs. off-policy? Explicit vs. implicit policy?

▶ Task: Episodic vs. continuing?

▶ Return definition: Discounting? General reward design?

▶ Value: State vs. action value estimation?

▶ Model: Required? Distribution vs. sample models? Learning vs. a priori (expert)
knowledge?

▶ Exploration: How to search for new policies?

▶ Update order: synchronous vs. asynchronous? If latter, which order?

▶ Experience: simulated vs. real experience? Memory length and style?

▶ ...
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Outlook

First part of the course:

Reinforcement learning on small finite action and state spaces

The problem space is such small that RL methods based on look-up tables are applicable.

Second part of the course::

Reinforcement learning using function approximators

The problem space is either continuous or contains an unfeasible large amount of discrete
state-action pairs. Value estimates, models or explicit policies stored in look-up tables would
let the memory demand explode. Modifications and extensions of available RL algorithms
using function approximators are required.
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