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Preface

▶ Recall n-step bootstrapping updates:

gk:k+n = rk+1 + γrk+2 + · · ·+ γn−1rk+n + γnv̂k+n−1(xk+n),

gk:k+n = rk+1 + γrk+2 + · · ·+ γn−1rk+n + γnq̂k+n−1(xk+n, uk+n).

▶ Motivation: retrieve bootstrapped estimates between one-step updates and Monte Carlo.
▶ Use n as degree of freedom to find the learning optimum.

▶ However, there are two significant drawbacks of n-step bootstrapping:▶ Delay: we are looking n-steps into the future and, therefore, have to wait n-steps before we
can perform the update.

▶ Memory: we have to store n transitions until we can process them.

Goal of today’s lecture

▶ Find an algorithm with the same flexibility as n-step bootstrapping.

▶ Avoid the n-step disadvantages (delay, memory demand).
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general averaging of n-step returns

1-step TD 3-step TD

Fig. 11.1: Exemplary averaging of
n-step retuns

▶ Averaging different n-step returns is possible
without introducing a bias (if sum of weights is
one).

▶ Example on the left:

g =
1

3
gk:k+1 +

2

3
gk:k+3

▶ Horizontal line in backup diagram indicates the
averaging.

▶ Enables additional degree of freedom to reduce
prediction error.

▶ Such updates are called compound updates.
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λ-return (1)

Fig. 11.2: Backup diagram for λ-returns

▶ λ-return: is a compound update with
exponentially decaying weights:

gλk = (1− λ)
∞∑

n=1

λ(n−1)gk:k+n . (11.1)

▶ Parameter is λ ∈ {R|0 ≤ λ ≤ 1}.
▶ Geometric series of weights is one:

(1− λ)

∞∑

n=1

λ(n−1) = 1
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λ-return (2)

▶ Rewrite λ-return for episodic tasks with termination at k = T :

gλk = (1− λ)

T−k−1∑

n=1

λ(n−1)gk:k+n + λT−k−1gk . (11.2)

▶ Return gk after termination is weighted with residual weight λT−k−1.
▶ Above, (6.16) includes two special cases:

▶ If λ = 0: becomes TD(0) update.
▶ If λ = 1: becomes MC update.

290 Chapter 12: Eligibility Traces
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Figure 12.2: Weighting given in the �-return to each of the n-step returns.

we want, we can separate these post-termination terms from the main sum, yielding

G�
t = (1� �)

T�t�1X

n=1

�n�1Gt:t+n + �T�t�1Gt, (12.3)

as indicated in the figures. This equation makes it clearer what happens when � = 1. In
this case the main sum goes to zero, and the remaining term reduces to the conventional
return. Thus, for � = 1, updating according to the �-return is a Monte Carlo algorithm.
On the other hand, if � = 0, then the �-return reduces to Gt:t+1, the one-step return.
Thus, for � = 0, updating according to the �-return is a one-step TD method.

Exercise 12.1 Just as the return can be written recursively in terms of the first reward and
itself one-step later (3.9), so can the �-return. Derive the analogous recursive relationship
from (12.2) and (12.1). ⇤
Exercise 12.2 The parameter � characterizes how fast the exponential weighting in
Figure 12.2 falls o↵, and thus how far into the future the �-return algorithm looks in
determining its update. But a rate factor such as � is sometimes an awkward way of
characterizing the speed of the decay. For some purposes it is better to specify a time
constant, or half-life. What is the equation relating � and the half-life, ⌧�, the time by
which the weighting sequence will have fallen to half of its initial value? ⇤

We are now ready to define our first learning algorithm based on the �-return: the
o✏ine �-return algorithm. As an o✏ine algorithm, it makes no changes to the weight
vector during the episode. Then, at the end of the episode, a whole sequence of o✏ine
updates are made according to our usual semi-gradient rule, using the �-return as the
target:

wt+1
.
= wt + ↵

h
G�

t � v̂(St,wt)
i
rv̂(St,wt), t = 0, . . . , T � 1. (12.4)

Fig. 11.3: Weighting overview in λ-return series (source: R. Sutton and G. Barto, Reinforcement
learning: an introduction, 2018, CC BY-NC-ND 2.0)
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offline λ-return semi-gradient algorithm

▶ Applying semi-gradient updates with fct. approximation we receive:

wk+1 = wk + α
[
gλk − v̂(xk,wk)

]
∇wv̂(xk,wk). (11.3)

▶ Offline refers to that w is not changed until the episode’s end.

12.1. The �-return 291

The �-return gives us an alternative way of moving smoothly between Monte Carlo
and one-step TD methods that can be compared with the n-step bootstrapping way
developed in Chapter 7. There we assessed e↵ectiveness on a 19-state random walk
task (Example 7.1, page 144). Figure 12.3 shows the performance of the o✏ine �-return
algorithm on this task alongside that of the n-step methods (repeated from Figure 7.2).
The experiment was just as described earlier except that for the �-return algorithm
we varied � instead of n. The performance measure used is the estimated root-mean-
squared error between the correct and estimated values of each state measured at the
end of the episode, averaged over the first 10 episodes and the 19 states. Note that
overall performance of the o✏ine �-return algorithms is comparable to that of the n-step
algorithms. In both cases we get best performance with an intermediate value of the
bootstrapping parameter, n for n-step methods and � for the o✏ine �-return algorithm.

n-step TD methods 

↵
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Figure 12.3: 19-state Random walk results (Example 7.1): Performance of the o✏ine �-return
algorithm alongside that of the n-step TD methods. In both case, intermediate values of the
bootstrapping parameter (� or n) performed best. The results with the o✏ine �-return algorithm
are slightly better at the best values of ↵ and �, and at high ↵.

The approach that we have been taking so far is what we call the theoretical, or
forward, view of a learning algorithm. For each state visited, we look forward in time to
all the future rewards and decide how best to combine them. We might imagine ourselves
riding the stream of states, looking forward from each state to determine its update, as
suggested by Figure 12.4. After looking forward from and updating one state, we move
on to the next and never have to work with the preceding state again. Future states,
on the other hand, are viewed and processed repeatedly, once from each vantage point
preceding them.

Fig. 11.4: Prediction accuracy comparison based on 19-state random walk example from Fig. 6.3
(source: R. Sutton and G. Barto, Reinforcement learning: an introduction, 2018, CC BY-NC-ND 2.0)
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truncated λ-returns

▶ Using λ-returns as in (6.15) is not feasible for continuing tasks.

▶ One would have to wait infinitely long to receive the trajectory.

▶ Intuitive approximation: truncate λ-return after h steps

gλk:h = (1− λ)

h−k−1∑

n=1

λ(n−1)gk:k+n + λh−k−1gk:h . (11.4)

▶ Horizon h divides continuing tasks in rolling episodes.

▶ The truncated λ-return (6.17) can be used analogously to n-step returns in semi-gradient
TD updates (cf. Algo. 9.3).
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Forward view

▶ Both, n-step and λ-return updates, are based on a forward view.

▶ We have to wait for future states and rewards to arrive before we are able to perform an
update.

▶ Currently, λ-returns are only an alternative to n-step updates with different weighting
without a particular advantage.292 Chapter 12: Eligibility Traces

Tim
e

r
t+3

r
t+2

r
t+1

r
T

s
t+1

s
t+2

s
t+3

s
t

St+1

St

St+2

St+3
Rt+3

Rt+2

Rt+1

RT

Figure 12.4: The forward view. We decide how to update each state by looking forward to
future rewards and states.

12.2 TD(�)

TD(�) is one of the oldest and most widely used algorithms in reinforcement learning.
It was the first algorithm for which a formal relationship was shown between a more
theoretical forward view and a more computationally-congenial backward view using
eligibility traces. Here we will show empirically that it approximates the o✏ine �-return
algorithm presented in the previous section.

TD(�) improves over the o✏ine �-return algorithm in three ways. First it updates
the weight vector on every step of an episode rather than only at the end, and thus
its estimates may be better sooner. Second, its computations are equally distributed
in time rather than all at the end of the episode. And third, it can be applied to
continuing problems rather than just to episodic problems. In this section we present the
semi-gradient version of TD(�) with function approximation.

With function approximation, the eligibility trace is a vector zt 2 Rd with the same
number of components as the weight vector wt. Whereas the weight vector is a long-term
memory, accumulating over the lifetime of the system, the eligibility trace is a short-term
memory, typically lasting less time than the length of an episode. Eligibility traces assist
in the learning process; their only consequence is that they a↵ect the weight vector, and
then the weight vector determines the estimated value.

In TD(�), the eligibility trace vector is initialized to zero at the beginning of the
episode, is incremented on each time step by the value gradient, and then fades away by
��:

z�1
.
= 0,

zt
.
= ��zt�1 +rv̂(St,wt), 0  t  T,

(12.5)

where � is the discount rate and � is the parameter introduced in the previous section,
which we henceforth call the trace-decay parameter. The eligibility trace keeps track
of which components of the weight vector have contributed, positively or negatively,
to recent state valuations, where “recent” is defined in terms of ��. (Recall that in
linear function approximation, rv̂(St,wt) is just the feature vector, xt, in which case the
eligibility trace vector is just a sum of past, fading, input vectors.) The trace is said to
indicate the eligibility of each component of the weight vector for undergoing learning

Fig. 11.5: The forward view: an update of the current state value is evaluated by future transitions
(source: R. Sutton and G. Barto, Reinforcement learning: an introduction, 2018, CC BY-NC-ND 2.0)
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backward view of td(λ)

General idea:
▶ Use λ-weighted returns looking into the past.
▶ Implement this in a recursive fashion to save memory.
▶ Therefore, an eligibility trace zk denoting the importance of past events to the current

state update is introduced.

12.2. TD(�) 293

changes should a reinforcing event occur. The reinforcing events we are concerned with
are the moment-by-moment one-step TD errors. The TD error for state-value prediction
is

�t
.
= Rt+1 + �v̂(St+1,wt)� v̂(St,wt). (12.6)

In TD(�), the weight vector is updated on each step proportional to the scalar TD error
and the vector eligibility trace:

wt+1
.
= wt + ↵�tzt. (12.7)

Semi-gradient TD(�) for estimating v̂ ⇡ v⇡

Input: the policy ⇡ to be evaluated
Input: a di↵erentiable function v̂ : S+ ⇥ Rd ! R such that v̂(terminal,·) = 0
Algorithm parameters: step size ↵ > 0, trace decay rate � 2 [0, 1]
Initialize value-function weights w arbitrarily (e.g., w = 0)

Loop for each episode:
Initialize S
z 0 (a d-dimensional vector)
Loop for each step of episode:
| Choose A ⇠ ⇡(·|S)
| Take action A, observe R, S0

| z ��z +rv̂(S,w)
| �  R + �v̂(S0,w)� v̂(S,w)
| w w + ↵�z
| S  S0

until S0 is terminal
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Figure 12.5: The backward or mechanistic view of TD(�). Each update depends on the current
TD error combined with the current eligibility traces of past events.Fig. 11.6: The backward view: an update of the current state value is evaluated based on a trace of

past transitions (source: R. Sutton and G. Barto, Reinforcement learning: an introduction, 2018, CC
BY-NC-ND 2.0)
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eligibility trace (1)

Why is the exponential weighting particular suitable for TD(λ)?

▶ Because we can easily implement this in a recursive fashion.

Exponential smoothing filter

Let xk be an arbitrary signal sampled at equally distributed time steps k. Then, the filtered
signal yk with an exponential window function of past observations is

yk = βxk + (1− β)yk−1, k > 0 and y0 = x0 (11.5)

with β being the smoothing factor.

▶ Above is a simple recursive exponential smoothing filter which converges for k >> 1.
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eligibility trace (2)

With TD and function approximation
▶ the eligibility trace zk ∈ Rζ is a vector with same dimensions as w:

z0 = 0,

zk = γλzk−1 +∇wv̂(xk,wk).
(11.6)

▶ It tracks which components of w have contributed to recent state valuations. Here, λ is
also called the trace-decay parameter.

Further remarks:
▶ zk can be interpreted a short-term memory while wk is the long-term memory within the

learning process of v̂.
▶ Comparing (6.18) with the filter (??) it becomes obvious that z is not an idealized exp.

filtered form of ∇wv̂.
▶ Consider case k →∞ and ∇wv̂(xk,wk) = ∇wv̂ = const., then z is only a bias-free trace

of ∇wv̂ in the TD sense if λ = 1:

z =
∇wv̂

1− γλ
.

Oliver Wallscheid RL Lecture 11 13



Simplified eligibility trace example

▶ Consider linear function approximation with a single state being the feature vector

v̂(xk, w) = xkw → ∇wv̂(xk, w) = xk.

▶ For illustration purpose we assume that w is constant.
▶ Below is an example for the eligibility trace with λ = 0.9, γ = 1.

0 10 20 30 40 50
-2

-1

0

1

2

Fig. 11.7: Illustration of gradient ∇wv̂ and corresponding trace z based on (6.18) for single state
example with linear function approximation
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semi-gradient td(λ)

Together with (6.18) the semi-gradient TD(λ) update is:

δk = rk+1 + γv̂(xk+1,wk)− v̂(xk,wk),

wk+1 = wk + αδkzk.
(11.7)

input: a policy π to be evaluated
input: a differentiable function v̂ : Rκ × Rζ → R with v̂(xT , ·) = 0
parameter: step size α ∈ {R|0 < α < 1}, decay rate λ ∈ {R|0 ≤ λ ≤ 1}
init: value-function weights w ∈ Rζ arbitrarily
for j = 1, 2, . . . episodes do

initialize x0 and set z = 0;
for k = 0, 1, 2 . . . time steps do

uk ← apply action from π(xk);
observe xk+1 and rk+1;
z ← γλz +∇wv̂(xk,w);
δ ← rk+1 + γv̂(xk+1,w)− v̂(xk,w);
w ← w + αδz;
exit loop if xk+1 is terminal;

Algo. 11.1: Semi-gradient TD(λ) (output: parameter vector w for v̂π)
Oliver Wallscheid RL Lecture 11 15



Exemplary comparison

▶ TD(λ) is not an exact representation of offline λ-returns (see below).
▶ For λ = 0: matches exactly semi-gradient one-step TD (’TD(0)’).
▶ For λ = 1: mimics long-term Monte Carlo updates.

12.3. n-step Truncated �-return Methods 295

Off-line λ-return algorithm
(from the previous section)
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Figure 12.6: 19-state Random walk results (Example 7.1): Performance of TD(�) alongside
that of the o✏ine �-return algorithm. The two algorithms performed virtually identically at low
(less than optimal) ↵ values, but TD(�) was worse at high ↵ values.

Linear TD(�) has been proved to converge in the on-policy case if the step-size
parameter is reduced over time according to the usual conditions (2.7). Just as discussed
in Section 9.4, convergence is not to the minimum-error weight vector, but to a nearby
weight vector that depends on �. The bound on solution quality presented in that section
(9.14) can now be generalized to apply for any �. For the continuing discounted case,

VE(w1)  1� ��

1� �
min
w

VE(w). (12.8)

That is, the asymptotic error is no more than 1���
1�� times the smallest possible error. As

� approaches 1, the bound approaches the minimum error (and it is loosest at �=0).
In practice, however, � = 1 is often the poorest choice, as will be illustrated later in
Figure 12.14.

Exercise 12.3 Some insight into how TD(�) can closely approximate the o✏ine �-return
algorithm can be gained by seeing that the latter’s error term (in brackets in (12.4)) can
be written as the sum of TD errors (12.6) for a single fixed w. Show this, following the
pattern of (6.6), and using the recursive relationship for the �-return you obtained in
Exercise 12.1. ⇤
Exercise 12.4 Use your result from the preceding exercise to show that, if the weight
updates over an episode were computed on each step but not actually used to change the
weights (w remained fixed), then the sum of TD(�)’s weight updates would be the same
as the sum of the o✏ine �-return algorithm’s updates. ⇤

12.3 n-step Truncated �-return Methods

The o✏ine �-return algorithm is an important ideal, but it is of limited utility because
it uses the �-return (12.2), which is not known until the end of the episode. In the

Fig. 11.8: Prediction accuracy comparison based on 19-state random walk example from Fig. 6.3
(source: R. Sutton and G. Barto, Reinforcement learning: an introduction, 2018, CC BY-NC-ND 2.0)
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truncated λ-returns for online updates

▶ Recall the truncated λ-return after h steps

gλk:h = (1− λ)

h−k−1∑

n=1

λ(n−1)gk:k+n + λh−k−1gk:h .

▶ If h < T then we can perform online updates since w is changed within an episode.

▶ Implementation is very similar to n-step bootstrapping, also forward view (e.g., still
delayed with increased memory demand):

δ′k = rk+1 + γv̂(xk+1,wk)− v̂(xk,wk),

gλk:k+n = v̂(xk,wk−1) +

k+n−1∑

i=k

(γλ)i−kδ′i,

wk+n = wk+n−1 + α
[
gλk:k+n − v̂(xk,wk+n−1)

]
∇wv̂(xk,wk+n−1).
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increase approximation quality by redoing updates (1)

General trade-off regarding the truncated λ-returns (forward view):
▶ If n is small: delay and memory demand are low.
▶ If n is high: approximation of offline λ-returns is more accurate.

Idea to solve this compromise: redoing updates.
▶ If new data is available, we go back and redo all previous updates.
▶ Reuse data samples Dk ∼ ⟨xk, rk,xk+1⟩.
▶ Update parameter vector wh

k at k-th time step up to horizon h.

Fig. 11.9: Simplified flowchart for redoing updates at time step k and horizon hOliver Wallscheid RL Lecture 11 19



increase approximation quality by redoing updates (2)

The update sequence from example Fig. 11.9 using semi-gradients:

h = 1 : w1
1 = w1

0 + α
[
gλ0:1 − v̂(x0,w

1
0)
]
∇wv̂(x0,w

1
0)

h = 2 : w2
1 = w2

0 + α
[
gλ0:2 − v̂(x0,w

2
0)
]
∇wv̂(x0,w

2
0)

w2
2 = w2

1 + α
[
gλ1:2 − v̂(x1,w

2
1)
]
∇wv̂(x1,w

2
1)

h = 3 : w3
1 = w3

0 + α
[
gλ0:3 − v̂(x0,w

3
0)
]
∇wv̂(x0,w

3
0)

w3
2 = w3

1 + α
[
gλ1:3 − v̂(x1,w

3
1)
]
∇wv̂(x1,w

3
1)

w3
3 = w3

2 + α
[
gλ2:3 − v̂(x2,w

3
2)
]
∇wv̂(x2,w

3
2)
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increase approximation quality by redoing updates (3)

Generalization of the example:

Online λ-return

Having samples Dk ∼ ⟨xk, rk,xk+1⟩ up to horizon h available, the general online λ-return
update is

wh
k+1 = wh

k + α
[
gλk:h − v̂(xk,w

h
k)
]
∇wv̂(xk,w

h
k), 0 ≤ k ≤ h ≤ T (11.8)

with the final parameter vector wk = wk
k at the given time step.

▶ Online approach: a new wk is calculated at each step using only information available at
step k.

▶ Obviously, the approach is very computationally demanding.
▶ Computations increase with every time step.
▶ Is likely to become infeasible for long episodes.
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comparison online vs. offline λ-returns

▶ Through the repeated updates, the online λ-return algorithm can even increase the
prediction quality compared to its offline variant.

12.5. True Online TD(�) 299

the weight vector used in bootstrapping (in G�
t:h) has had a larger number of informative

updates. This e↵ect can be seen if one looks carefully at Figure 12.8, which compares the
two algorithms on the 19-state random walk task.
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Figure 12.8: 19-state Random walk results (Example 7.1): Performance of online and o✏ine
�-return algorithms. The performance measure here is the VE at the end of the episode, which
should be the best case for the o✏ine algorithm. Nevertheless, the online algorithm performs
subtly better. For comparison, the �=0 line is the same for both methods.

12.5 True Online TD(�)

The online �-return algorithm just presented is currently the best performing temporal-
di↵erence algorithm. It is an ideal which online TD(�) only approximates. As presented,
however, the online �-return algorithm is very complex. Is there a way to invert this
forward-view algorithm to produce an e�cient backward-view algorithm using eligibility
traces? It turns out that there is indeed an exact computationally congenial implementa-
tion of the online �-return algorithm for the case of linear function approximation. This
implementation is known as the true online TD(�) algorithm because it is “truer” to the
ideal of the online �-return algorithm than the TD(�) algorithm is.

The derivation of true online TD(�) is a little too complex to present here (see the
next section and the appendix to the paper by van Seijen et al., 2016) but its strategy is
simple. The sequence of weight vectors produced by the online �-return algorithm can
be arranged in a triangle:
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Fig. 11.10: Prediction accuracy comparison based on 19-state random walk example from Fig. 6.3
(source: R. Sutton and G. Barto, Reinforcement learning: an introduction, 2018, CC BY-NC-ND 2.0)
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true online td(λ) for linear approximation

If linear function approximation v̂ = x̃Tw is applied the

▶ online λ-return updates (11.8) and

▶ the elegant implementation using eligibility traces (6.18)

can be nicely combined. By doing so we receive

▶ backward-viewing linear algorithm which

▶ is denoted as ’true’ online TD(λ) because it is not an approximation of the offline
λ-returns as the regular TD(λ) from Algo. 11.1.

The true online TD(λ) update equations are1:

zk = γλzk−1 + (1− αγλx̃T
kzk−1)x̃k,

δk = rk+1 + γx̃T
k+1wk − x̃T

kwk,

wk+1 = wk + αδkzk + α
(
x̃T
kwk − x̃T

kwk−1

)
(zk − x̃k) .

(11.9)

1Find derivation and more information: H. van Seijen et al., True Online Temporal-Difference Learning,
Journal of Machine Learning Research, Vol. 17, 2016
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algorithmic implementation: true online td(λ)

input: a policy π to be evaluated
input: a feature representation x̃ with x̃T = 0 (i.e., v̂(x̃T , ·) = 0)
parameter: step size α ∈ {R|0 < α < 1}, decay rate λ ∈ {R|0 ≤ λ ≤ 1}
init: value-function weights w ∈ Rζ arbitrarily
for j = 1, 2, . . . episodes do

initialize x0;
set z = 0 and v̂old = 0;
for k = 0, 1, 2 . . . time steps do

uk ← apply action from π(xk);
observe xk+1 and rk+1;

v̂ ← x̃T
kw;

v̂′ ← x̃T
k+1w;

δ ← rk+1 + γv̂′ − v̂;

z ← γλz + (1− αγλx̃T
kz)x̃k;

w ← w + α(δ + v̂ − v̂old)z − α(v̂ − v̂old)x̃k;
v̂old ← v̂′;
exit loop if xk+1 is terminal;

Algo. 11.2: True Online TD(λ) (output: parameter vector w for v̂π)
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Transfer for action values

First, transfer truncated λ-returns to action values (forward view):

gλk:h = (1− λ)

h−k−1∑

n=1

λ(n−1)gk:k+n + λh−k−1gk:h,

gk:k+n = rk+1 + γrk+2 + · · ·+ γn−1rk+n + γnq̂(xk+n, uk+n,wk+n−1).

(11.10)

From that, the forward view offline λ-return update for q̂ is:

wk+1 = wk + α
[
gλk − q̂(xk, uk,wk)

]
∇wq̂(xk, ukwk). (11.11)

The backward view approximation known as Sarsa(λ) is then:

δk = rk+1 + γq̂(xk+1, uk+1,wk)− q̂(xk, uk,wk),

zk = γλzk−1 +∇wq̂(xk, uk,wk), z0 = 0,

wk+1 = wk + αδkzk.

(11.12)
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algorithmic implementation: semi-gradient sarsa(λ)

input: a differentiable function q̂ : Rκ × Rζ → R
input: a policy π (only if estimating qπ)
parameter: α ∈ {R|0 < α < 1}, ε ∈ {R|0 < ε << 1}, λ ∈ {R|0 ≤ λ ≤ 1}
init: parameter vector w ∈ Rζ arbitrarily
for j = 1, 2, . . . episodes do

initialize x0 and set z = 0;
u0 ← choose action from π(x0) or ε-greedy on q̂(x0, ·,w);
for k = 0, 1, 2 . . . time steps do

apply action uk, observe xk+1 and rk+1;
if xk+1 is terminal then δ ← rk+1 − q̂(xk, uk,w);
else

uk+1 ← π(xk+1) or ε-greedy on q̂(xk+1, ·,w);
δ ← rk+1 + γq̂(xk+1, uk+1,w)− q̂(xk, uk,w);

z ← γλz +∇w q̂(xk, uk,w);
w ← w + αδz;
exit loop if xk+1 is terminal;

Algo. 11.3: Semi-gradient Sarsa(λ) (output: parameter vector w for q̂π or q̂∗)
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Sarsa learning comparison in gridworld example

▶ λ can be interpreted as the discounting factor acting on the eligibility trace (see
right-most panel below).

▶ Intuitive interpretation: more recent transitions are more certain/relevant for the current
update step.

304 Chapter 12: Eligibility Traces
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Figure 12.9: Sarsa(�)’s backup diagram. Compare with Figure 12.1.

Complete pseudocode for Sarsa(�) with linear function approximation, binary features,
and either accumulating or replacing traces is given in the box on the next page. This
pseudocode highlights a few optimizations possible in the special case of binary features
(features are either active (=1) or inactive (=0).

Example 12.1: Traces in Gridworld The use of eligibility traces can substantially
increase the e�ciency of control algorithms over one-step methods and even over n-step
methods. The reason for this is illustrated by the gridworld example below.

Path taken
Action values increased

by one-step Sarsa
Action values increased
by Sarsa( ) with =0.9

G
G

G

Path taken
Action values increased

by one-step Sarsa
Action values increased
by Sarsa(! ) with ! =0.9by 10-step Sarsa

G G G

Path taken
Action values increased

by one-step Sarsa
Action values increased

 by 10-step Sarsa

G G G

λ λ

The first panel shows the path taken by an agent in a single episode. The initial estimated
values were zero, and all rewards were zero except for a positive reward at the goal
location marked by G. The arrows in the other panels show, for various algorithms, which
action-values would be increased, and by how much, upon reaching the goal. A one-step
method would increment only the last action value, whereas an n-step method would
equally increment the last n actions’ values, and an eligibility trace method would update
all the action values up to the beginning of the episode, to di↵erent degrees, fading with
recency. The fading strategy is often the best.

Fig. 11.11: Sarsa variants after an arbitrary episode within a gridworld environment – arrows indicate
action-value change starting from initially zero estimates (source: R. Sutton and G. Barto,

Reinforcement learning: an introduction, 2018, CC BY-NC-ND 2.0)
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sarsa(λ) vs n-step sarsa on mountain car task

▶ Sarsa(λ) is able to learn significantly faster than any n-step variant.
▶ However, only intermediate performance is shown after 50 episodes.306 Chapter 12: Eligibility Traces
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Figure 12.10: Early performance on the Mountain Car task of Sarsa(�) with replacing traces
and n-step Sarsa (copied from Figure 10.4) as a function of the step size, ↵.

of state–action feature vectors xt = x(St, At) instead of state feature vectors xt = x(St).
Pseudocode for the resulting e�cient algorithm, called true online Sarsa(�) is given in
the box on the next page. The figure below compares the performance of various versions
of Sarsa(�) on the Mountain Car example.
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Figure 2. RMS error of state values at the end of each episode, averaged over the first 10 episodes, as well as 100 independent runs, for
different values of ↵ and �.

Figure 4 compares true online Sarsa(�) with the traditional
Sarsa(�) implementation on the standard mountain car task
(Sutton & Barto, 1998) using 10 tilings of each 10⇥10 tiles.
Results are plotted for � = 0.9 and ↵ = ↵0/10, for ↵0 from
0.2 to 2.0 with steps of 0.2. Clearing/no clearing refers
to whether the trace values of non-selected actions are set
to 0 (clearing) or not (no clearing), in case of replacing
traces. The results suggest that the true online principle is
also effective in a control setting.

6. Conclusion
We presented for the first time an online version of the for-
ward view which forms the theoretical and intuitive foun-
dation for the TD(�) algorithm. In addition, we have pre-
sented a new variant of TD(�), with the same compu-
tational complexity as the classical algorithm, which we
call true online TD(�). We proved that true online TD(�)
matches the new online forward view exactly, in contrast
to classical online TD(�), which only approximates its
forward view. In addition, we demonstrated empirically
that true online TD(�) outperforms conventional TD(�) on
three benchmark problems. It seems, by adhering more
truly to the original goal of TD(�)—matching an intuitively
clear forward view even in the online case—that we have
found a new algorithm that simply improves on TD(�).
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Figure 4. Average return over first 20 episodes on mountain car
task for � = 0.9 and different ↵0. Results are averaged over 100
independent runs.
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Figure 12.11: Summary comparison of Sarsa(�) algorithms on the Mountain Car task. True
online Sarsa(�) performed better than regular Sarsa(�) with both accumulating and replacing
traces. Also included is a version of Sarsa(�) with replacing traces in which, on each time step,
the traces for the state and the actions not selected were set to zero.

Fig. 11.12: Sarsa-based control performance comparison based on previous example from Fig. 10.4.
Both algorithms use linear function approximation and tile coding (source: R. Sutton and G. Barto,

Reinforcement learning: an introduction, 2018, CC BY-NC-ND 2.0)
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true online sarsa(λ)

▶ Likewise TD(λ) for state values, Sarsa(λ) is not an exact backward view implementation
of the offline λ-return algorithm (11.11).

▶ To improve the Sarsa(λ) performance we again have two options:
▶ Redoing updates: Online Sarsa(λ) (e.g., with non-linear function approximation, direct

transfer from (11.8)),
▶ or re-use the true online implementation with linear approximators for action values.

▶ The true online Sarsa(λ) updates are analog to TD(λ), but the features additionally
contain action information x̃ = f(x, u) :

zk = γλzk−1 + (1− αγλx̃T
kzk−1)x̃k,

δk = rk+1 + γx̃T
k+1wk − x̃T

kwk,

wk+1 = wk + αδkzk + α
(
x̃T
kwk − x̃T

kwk−1

)
(zk − x̃k) .

(11.13)
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algorithmic implementation: true online sarsa(λ)

input: a policy π to be evaluated
input: a feature representation x̃ with x̃T = 0 (i.e., q̂(x̃T , ·, ·) = 0)
parameter: α ∈ {R|0 < α < 1}, ε ∈ {R|0 < ε << 1}, λ ∈ {R|0 ≤ λ ≤ 1}
init: value-function weights w ∈ Rζ arbitrarily
for j = 1, 2, . . . episodes do

initialize x0 and set u0 ← from π(x0) or ε-greedy on q̂(x0, ·,w);
set z = 0 and q̂old = 0;
for k = 0, 1, 2 . . . time steps do

apply action uk, observe xk+1 and rk+1;
uk+1 ← choose action from π(xk+1) or ε-greedy on q̂(xk+1, ·,w);

q̂ ← x̃T
kw and q̂′ ← x̃T

k+1w;

δ ← rk+1 + γq̂′ − q̂;

z ← γλz + (1− αγλx̃T
kz)x̃k;

w ← w + α(δ + q̂ − q̂old)z − α(q̂ − q̂old)x̃k;
q̂old ← q̂′;
exit loop if xk+1 is terminal;

Algo. 11.4: True Online Sarsa(λ) (output: parameter vector w for q̂π or q̂∗)
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summary: what you’ve learned today

▶ Multiple n-step return estimates can be weighted to form a compound update (adds more
degrees of freedom).

▶ λ-returns use this idea with exponentially-decaying weights.
▶ However, like n-step bootstrapping also λ-returns are forward-viewing and, therefore suffer

from increased memory demand and delay times.

▶ Using eligibility traces we introduce backward-facing algorithms:
▶ The trace is acting as a short-term memory.
▶ How important was a parameter for the current value update?

▶ TD(λ) is using the traces for state-value prediction.
▶ Applicable with general nonlinear function approximation.
▶ However, not an exact representation of λ-returns.

▶ Only if linear function approximation is used, true online TD(λ) allows identically
backward-facing updates as λ-returns.

▶ Transfer to action values by Sarsa is straightforward.

Oliver Wallscheid RL Lecture 11 32


	Lecture 11: Eligibility Traces
	Lambda-Returns
	Td(Lambda)
	Online Lambda-Return Updates
	Sarsa(Lambda)


