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Abstract

Many economic and financial series exhibit non-stationarity as well as long-memory
behavior in both the first and second moments. To capture both non-stationarity
and long-memory characteristics simultaneously, a general dual-trend and dual long-
memory framework is proposed. In this framework, the error term of the semi-
parametric FARIMA model is assumed to exhibit a slowly changing scale and long-
memory heteroskedasticity. A four-step estimation procedure is proposed, including
a trend and a FARIMA model estimation for the first moment, followed by a scal-
ing function and a long-memory volatility model estimation for the second moment.
Three long-memory EGARCH-type models and the FIGARCH model are employed
in the final stage. Our results indicate that the proposed approach can effectively
model the selected economic series exhibiting dual-trend and dual long-memory

features.
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1 Introduction

Many studies have been working on modelling long-term dependencies in the conditional
mean and conditional variance of economic and financial time series. Baillie et al. (2002)),
Conrad and Karanasos (2005a), Conrad and Karanasos (2005b), and Kasman et al. (2009)
found out that inflation series and daily returns have dual long-memory features. In this
context, the commonly employed approach is the so-called hybrid of a FARIMA model and
a FIGARCH model, which together are capable of capturing the long-memory properties
in both the first and second conditional moments. The FARIMA model captures the
long-memory behavior in the conditional mean, while the FIGARCH model analyzes
the squared residuals from the FARIMA model to capture the long-memory property in
the conditional variance. Similar approaches like FARIMA-FIEGARCH and FARIMA-
FIAPARCH have also been investigated for this purpose.

Recently a dual long-memory FARIMA-FILog-GARCH was proposed by Peitz et al.
(2023) and evidence for trend-stationary dual long-memory time series was discovered.
Feng et al. (2023]) proposed a trend-stationary dual long-memory FARIMA with a novel
modulus asymmetric FILog-GARCH (MFILog-GARCH) model. The modulus transfor-
mation addresses the near zero observation problem encountered in the Log-GARCH
models. Moreover, the authors observed a slowly changing scale in the FARIMA error
term and therefore, the errors are no longer i.i.d. Modeling the conditional variance of
those non-stationary processes via GARCH-type models can lead to spurious results. A
remedy for this issue is to use semiparametric volatility models. Letmathe et al. (2021)
proposed different classes of semiparametric long-memory GARCH models to model con-
ditional heteroskedasticity and a slowly changing scale simultaneously. Building on these
studies, we propose a dual-trend and dual long-memory framework that accounts for both
long-memory features and stationarity issues in the first and second moments. Therefore,
this paper is an extension of Peitz et al. (2023)) and Feng et al. (2023)). We introduce a
four-step procedure for this dual-trend and dual long-memory approach. First, the trend
in the mean level is estimated using a data-driven algorithm. Second, a FARIMA model
is applied for the trend-adjusted series to capture the long-term dependence in the condi-
tional mean. Third, the slowly changing scale is estimated from the squared residuals of

the FARIMA model by using the same data-driven algorithm as in the mean level. A long-



memory GARCH model is then applied to the stationary process to capture the long-term
dependence in the second moment. The stationary-adjusted FIGARCH model (Caporin,
2002; Robinson, [1991; Karanasos et al., 2004) is used as the benchmark at the final estima-
tion stage. In addition, three long-memory GARCH models from the EGARCH family
(Peitz et al., jupcoming) are considered, namely the fractionally integrated EGARCH
(FIEGARCH), the modified FIEGARCH (FIMEGARCH) and the modulus fractionally
integrated Log-GARCH (FIMLog-GARCH). The FIMLog-GARCH overcomes the near-
zero observation problem of the traditional Log-GARCH models, while the FIMEGARCH
combines the features of the FIEGARCH and FIMLog-GARCH. Altogether, these spec-
ifications form four types of dual-trend and dual long-memory models, which are, Semi-
FARIMA combined with Semi-FIGARCH, Semi-FIEGARCH, Semi-FIMEGARCH, and
Semi-FIMLog-GARCH.

The structure of the remaining paper is planned as follows. Trend-stationary FARIMA
model is introduced in Section 2. Section 3 explains the semiparametric extensions of
long-memory GARCH models. In Section 4, the empirical implementation is discussed,
including the the nonparametric estimation algorithm, Maximum Likelihood Estimation
(MLE) for the parametric models and their properties. Section 5 presents the application
of the proposed dual-trend and dual long-memory models to different data sets, and

Section 6 concludes the paper.

2 Semi-strong FARIMA with persistent volatility

Following the definition of Feng et al. (2023), a trend stationary dual long-memory model

can be defined as follows,

Y, = m(xy) + Z, (1)
(1= B)'¢(B)Z; = (B)r, (2)
Tt = O, (3)

where Y} is a non-stationary process for t = 1, ..., n, which is decomposed into a determin-
istic and a stochastic component. Let x; = t/n be the rescaled time, which transforms
the time index into the fixed domain (0,1]. This ensures z; lies in a bounded inter-

val, regardless of how large n becomes. m(x;) stands for the local mean of Y;, while
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the trend stationary series Z; is assumed to follow a semi-strong FARIMA process. The
FARIMA (Hosking, [1981)) model generalizes the standard ARIMA(p, d, ¢) model by allow-
ing the differencing parameter d to take non-integer values. B is the backshift operator,
0 < d < 0.5 is the fractional differencing parameter, ¢(B) =1 — B — ... — 5,B? and
Y(B) =1+ B+ ... + a,B? are AR and MA characteristic polynomials, respectively.
Under the assumption that ¢(B) and ¢ (B) have no common factors and all roots lie

outside of the unit circle, Z; admits a linear filter representation in terms of r;,

Zy = Z beTi—k, (4)
k=0

where by, are real coefficients with Y o |bx| = oo, but Y - bi < oco. The residuals
r; follow semi-strong white noise and are modeled by a long-memory GARCH model.
The classification of strong, semi-strong and weak FARIMA models depends on the as-
sumptions about the innovations r;. In the sense of strong FARIMA, the error term 7; is
assumed to be an i.i.d. sequence with zero mean and variance o2. In a weak FARIMA, the
errors are only assumed to be uncorrelated with finite variance, but no assumptions are
made about independence and the conditional mean may be nonzero, that is, E[r|F;_1]
could differ from zero, where F;_; denotes the information set available at time ¢ — 1.
A semi-strong FARIMA builds a bridge between strong and weak FARIMA process. It
assumes that r; is a martingale difference sequence with E(r|F,_;) = 0 and E(r?) < oo.
This setting is more flexible than strong FARIMA, but still requires a zero conditional
mean. The variance of Z; is finite, if and only if the residuals r;, have finite variance.
We also assume that the fourth moment of Z; exists, E(Z]) < oo, which ensures that
the ACF of Z? is well defined. This implies that the fourth moment of r; also exist,
E(r}) < oo. Such a condition is required for the existing data-driven algorithm used to

select the window size in nonparametric regression.

However, the existence of finite fourth moments depends on the subsequent volatility
models. For instance, the considered members of the EGARCH family, such as FIE-
GARCH, FIMLog-GARCH, FIMEGARCH models satisfy these conditions under com-
mon regularity assumptions. Since the existence of finite moments in FIEGARCH and
FIMEGARCH models require the moment generating function (mgf) of the innovations
distribution to exist in a neighborhood of zero, we exclude the conditional ¢-distribution

and assume normally distributed innovations for all considered volatility models. The



unconditional variance of the standard FIGARCH model (Baillie et al., [1996) can be infi-
nite. Therefore, we adopt the adjusted FIGARCH model proposed by (Karanasos et al.,
2004), which can exhibit a finite fourth moment.

3 Semiparametric long-memory volatility models

GARCH-type models require stationary returns. However, in this study, the squared er-
ror term of the semi-strong FARIMA model is assumed to exhibit slowly evolving scale
(long-run heteroskedasticity). Ignoring this slow-changing scale feature and relying solely
on a long-memory GARCH model will lead to inconsistent estimates. Feng (2004)) in-
troduced a non-negative smooth deterministic function \/m into the GARCH model,
and proposed the Semi-GARCH model in order to deal with the slowly changing scale.
The nonparametric estimator v(x;) typically requires the higher order moment condition
E(¢}) < oo, where (; is the stationary return. However, researchers have shown that
the weaker condition E((!') < oo is sufficient for deriving the asymptotic results (Feng,
2004)). In this context, oy is defined as the conditional standard deviations of (; given F;_;.
Consequently, the total standard deviation at time z; can be obtained by \/Txt)at. The
Semi-GARCH model is given by,

re = \/v(x)¢ with G = oy, (5)

where 7, are i.i.d. with zero mean and unit variance. o; follows a GARCH process. It is
assumed that (; has unit variance and (; # 0 is almost surely. Eq. can be extended
to a semiparametric long-memory GARCH model, in which o; is estimated using a long-
memory GARCH specification. The semiparametric long-memory GARCH models reduce
to the corresponding parametric model if v(x;) = 2. Taking logarithms on the squared
ry in Eq. (f]), we obtain Inrf = Inv(x,) + In¢?. Let C = E[In¢}], m(z) = nv(x,) + C,
& =1In(¢?)—C and y; = Inr?. Then Eq. can be transformed into the following additive
form,

Ye = m(zy) + & (6)

the log-transformation of r? admits the same model form as Eq. . Given y;, m(x)

can again be estimated nonparametrically. C' can be estimated by — In [% Yo exp(&)],



which follows the identity,
~92 ~ ~
Ing =& +C.
Taking exponentials and averaging over n gives,
Ly~ 2 LS (@) exp(C)
o o t=1 t .

Since F(¢?) = 1, we obtain,

and hence,

The estimated scale function \/7(z;) can be obtained by exp [(m(xt) — ()/2], which
follows from,

Ini(z,) = m(z;) — C
Exponentiating both sides gives,

~

v(wy) = expli(wy) — C,

and taking the square root yields,

m(z,) — C

D(xy) = exp [ 5

Now {; = r;/+/P(z;) can be obtained and then various long-memory GARCH specifica-

tions can be applied.

3.1 Semiparametric FIGARCH model

A GARCH(p, q) (Bollerslev, 1986|) model is defined as
o} = ap+a(B)( + B(B)ay, (7)

where 7, is an ii.d. sequence. ay > 0, oy > 0, ¢ = 1,...,p, 5, >0, j =1,...q.
a(B) = ayB' + agB* + -+ - 4+ a,,B? and B(B) = ;B! + 33B* + - - - + 3,B. By defining
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u; = (? — o7 and substituting into Eq. , the GARCH(p, ¢) model can be expressed as

an ARMA process for the squared returns, and it is given by,
O(B)( = ag + V(B)uy, (8)

where ¢(B) = 1—a(B)—B(B) = 1-3_1"5%% ¢, Bl and (B) = 1-B(B) = 1+3.0_, ¥, 7,
with 3, = —1;. wu; can be interpreted as the error term of the conditional variance.
E(¢}) = E(o?) = o* can be obtained under the assumption that (; is stationary. A
stationary adjusted version of Eq. is

B¢ — %) = (B)us. (9)
The adjusted FIGARCH is proposed by Karanasos et al. (2004) and defined as,
G = 0"+ 01y(B)us, (10)

where 0;,(B) = ¢(B)¢'(B)(1 — B)™%, 0 < d < 0.5. The coefficient of §(B) is denoted
by 6f4.:. The corresponding ARCH(co) process of the mean-adjusted FIGARCH model
is given by

‘7152 :W+)‘fg(B)Ct27 (11)

where A\rg(B) =1 —0;/(B) and w = (1 — 3 Apgi)0”. For d = 0, we have " Ayg; < 1,
which implies w > 0. In contrast, Y>>, Asy; = 1 for d > 0, implying that w = 0. Notably,
the original FIGARCH model (Baillie et al., [1996) does not exhibit the latter feature.
According to Eq. (6) in Karanasos et al. (2004) and Peitz et al. (upcoming), F((!') < oo
if and only if g = E(n;) < oo and Y%, 67, ; < [Var(n?)]~' = [E(n}) — 1]7", which holds
for both GARCH and FIGARCH models. This condition implies strong limits on the
ARCH and GARCH coefficients, as well as on the long-memory parameter. A larger py
results in stronger restrictions. Peitz et al. (upcoming) discuss the FIGARCH(0, d, 0)
under the standard normal distribution with py = 3, showing that the largest value of d is
approximately 0.342. Only the long-memory parameter in a FIGARCH model is limited,
however, in long-memory EGARCH models, d is not restricted and can take any value in
(0, 0.5) with «a;, B; > 0. Nevertheless, it is still worth applying the model with d exceeding
this value in order to compare empirical results. The Semi-FIGARCH is defined using

both Eq. and (1))



3.2 Semiparametric extensions of EGARCH-type models

For the volatility analysis, semiparametric extensions of newly proposed long-memory
EGARCH-type models (Peitz et al., upcoming), including the FIMEGARCH and the
FIMLog-GARCH, are also investigated, as well as the semiparametric extension of the
original FIEGARCH model. Following Eq. (2.1) in Nelson (1991)), Peitz et al. (upcoming)
defines EGARCH family models as,

o7 =w+ > Oeg(ms), (12)

k=1

where w is a real number and 6, are real coefficients with > ;7 07 < oco. g(-) is a
measurable function with mean zero and finite variance, therefore, Ino? is a stationary
process. Eq. and Eq. define the semiparametric extensions of EGARCH family

models.

3.2.1 Semiparametric FIEGARCH model

The Semi-FIEGARCH is defined by Eq. together with the following FIEGARCH

specification,
Ino} = w + (1 — B)™"a(B)B™(B)geg (np-1)
= W+ Ore(B)geg (M-1),
where ag = 1, a(B) = Y070 aiB, B(B) = 1= Y0, 8;B7, geg(m) = s + vlme| —

E(|n:])] is an ii.d. random sequence with zero mean and finite variance. & refers to

(13)

the sign effect or leverage effect, allowing positive and negative shocks of the same size to
impact volatility differently, while v represents the magnitude effect, ensuring large shocks
increase volatility regardless of their sign. The two parameters are not simultaneously
equal to zero. To ensure that the model is uniquely defined, we set 071 = 1. d is the
long-memory parameter. Ino? is weakly stationary and invertable if d takes values in
[0,0.5). When 0.5 < d < 1, Ino? remains strongly stationary but it is no longer weakly
stationary, since Y 7, 67, , = oo. A limitation of the FIEGARCH model is that finite
moments of arbitrary orders exist only under the assumption of a conditional normal or
a conditional GED (generalized error distribution) with shape parameter greater than

or equal to 2. Under a conditional t-distribution with finite degrees of freedom, finite

moments of any positive order do not exist.



3.2.2 Semiparametric modulus asymmetric FILog-GARCH model

Feng et al. (2023)) proposed to apply the modulus-log f(z) = sign(z)ln(|z| + 1) (John
and Draper, [1980) to address the issue of zero or near zero observations for Log-GARCH
type models. Based on this transformation, they introduced the asymmetric modulus
FILog-GARCH model (FIMLog-GARCH). The difference between the FIEGARCH and
the FIMLog-GARCH lies in the specification g(-). The Semi-FIMLog-GARCH incorpo-
rates both Eq. and the FIMLog-GARCH model, which is defined as

Ino? =+ (1 — B)a(B)S (B)gni(n1)
=w+ gfe(B)gml(nt—l) with, (14)
gmi(ne) = £{8(ne) — E[6(ne)1} + {16 (ne)| — E[6(me) ]}

where §(n;) = sign(n;) In(|n:| +1). d is the long-memory parameter, which falls within the
range of [0,0.5). x and v in g, (-) are the same as in g.,4(-) referring to the asymmetric and
magnitude effects. The function g,,(-) is again an i.i.d. sequence with zero mean and finite
variance. The centered absolute modulus-log transformation is applied to the magnitude
term, while the centered modulus-log transformation is used for the asymmetric term
of the g,;(-) function. A key point of the modulus-log transformation is the different
limit behaviors of In(1 + |z|) at the origin and at infinity. In(1 + |z|) — |z|, as  —
0 and In(1 + |z|) — In(|z|), as * — £oo. Thus, the tail behavior of modulus Log-
GARCH models is comparable to that of standard Log-GARCH models and the conditions
for the existence of the fourth moment are similar as well. Hence, the newly proposed
model exhibits a finite fourth moment when an appropriate conditional ¢-distribution is
assumed. Additionally, the issue of zero or near-zero returns is now completely solved by
the modulus-log transformation. The FIMLog-GARCH model combines the advantageous
properties of FIEGARCH and FILog-GARCH models.

3.2.3 Semiparametric FIMEGARCH model

The function ¢(-) in the recently proposed modified FIEGARCH model (FIMEGARCH)
(Peitz et al., upcoming) is defined by combining the absolute magnitude term from the
Geg(n:) in the FIEGARCH model and the modulus log-transformed leverage term from
the guu(n:) in the FIMLog-GARCH model. The g¢(-) from the FIMEGARCH model is



denoted as gpme(n;), which is given by,

gme () = #{0(ne) = E6 ()1} + v{lm| = Ellnel]}, (15)

where both the leverage and magnitude term coefficients cannot both be zero simultane-
ously. The near zero problem of Log-GARCH models is addressed with this specification.
However, the existence of finite moments remains similar to that of an EGARCH model
as the magnitude term in g,,.(1n;) dominates the tail behavior. The FIMEGARCH model

is defined as,
Ino? =w+ HB)(1 - B)_doz(B)gme(nt_l) (16)
=w+ efe(B>gme(77t*1>‘

Both Eq. and Eq. define the semiparametric extension of the FIMEGARCH

model.

3.3 Stationary solutions for EGARCH-type models

Following Peitz et al. (upcoming), the strict stationary solutions for all EGARCH family

members are similar. Some assumptions are required for the strictly stationary solutions.

Al: 7, is a continuous random variable with mean zero and unit variance. The PDF of n,,
fn(z) is bounded above and bounded everywhere away from zero for z € (—o0, +00).

This ensures 7, is well behaved.

A2: ¢(-) is a measurable function of 7, with F[g(n;)] = 0 and var[g(n;)] < oo and at
least one parameter (7, k) is non zero. This ensures g(7;) is also an i.i.d. sequence

with zero mean and finite variance.

A3: a(z) and B(z) have no common roots and all roots lie outside of the unite circle.
d < 0.5 is assumed. This ensures the infinite order coefficients 6, are squared

summable, Y 77 67 < .
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Following the theorem 2.1 of Nelson (1991)), the strict solutions of o2 and (; are given by
explg(-)] and by, as follows,

o =e T][h(n ) and (17
G = T im0, (19)

where h(n;) = explg(n;)]. Under the A1, 7; is an i.i.d. sequence. Since h(n;) is a mea-
surable transformation of 7;, hence, h(n;) is also i.i.d. Consequently, both o2 and ¢; are
strictly stationary. A strict stationary process with finite second moments is weakly sta-
tionary. However strict stationarity does not require finite variance, so weak stationarity

must be assumed if finite variance is needed.

The stationarity of (; with finite 2m-th moments or o2 with finite m-th moments is
straightforward in EGARCH-type models. This implies that (; is weakly stationary or
that the finite fourth moment exists, if m = 1 or 2, respectively. Define 6y, = sup {6x}

and 0, = inf {6x}, then, following Peitz et al. (upcoming), we have

Proposition 1. Let m > 0. Suppose that A1 and A2 hold, and both E[h™%=i(n,)] and
E[hm9mas(n,)] exist, then E[o?™] < co. Additionally, if E[|n:*™] < oo, then E[¢*™] < cc.
In particular, if these conditions hold for m = 1 or 2, (; is weakly stationary or has a

finite fourth moment.

The generic notations 6,,;, and 6,,., are used in all cases. The existence of the 2m-th
moment of ¢, or equivalently the m-th moment of o2, can be established from the strictly

stationary solution given in Eq. . From this, we have
Elo}™] = e™ E| H ()] ™). (19)
k=1

For the EGARCH model, define he,(n:) = exp[gey(n:)] which forms an i.i.d. sequence.
The expectation E [[heg(m)]mek] can be obtained as,

B lhey )" | = E{ exp | =m0y Bllml]] - exp [moh(sni +21n)] §

= exp | = O Bllml)] - E{ exp [moy(en + )] }. (20)

11



The first term is a constant and the second term requires the mgf of n; to exist at the
argument 1 = mby(k £ ), which is the coefficient in the exponent. The mgf, m, (e/"),
exists for pu € (—0,0). Let the extreme values be, 61 = Onax|k + 7], 2 = Omax|k — 7/,
03 = Omin|k + v| and 94 = Opin|k — v|. Then Proposition 1 holds for the EGARCH model
if max{dy,ds,03,0,} < §/m.

For the MLog-GARCH, define the i.i.d. sequence hy,(1;) = exp|giy(n:)], we have

B g m))" | = E{ exp { mé| [wC(m) +11¢0)1] = [<EIC ()] +YElC(mo) ] }}

= exp { = mly [REC(n)] + Y EICN] - B[ exp [mBelscn) +vIcm)])] |

= exp { — mO[RE[C(n)] + A ] - B (] + 1) oesen1],

where ((n;) = sign(n;) In(|m| + 1), the first term is a constant while the second term is
random. To ensure the whole expectation is finite, we need the random factor to have
finite mean. The worst bound case is |mf[ksign(n;) + ]| < MOnmax(|k| +|7]). A sufficient
condition for finiteness is K-th moment of (|n;| + 1) exist for K > mbuyax(|x| + |7]). Since
E(|n:|¥) < oo implies E(|n:| +1)¥ < oo, it is enough to assume E(|n;|¥) < oo. Therefore,
Proposition 1 holds for MLog-GARCH, if E(|n|*¥) < oo, with K > max(m@max(|x| +

|7]), 2m). Omin is no longer required.

For the MEGARCH, define h,,e(n:) = €xp[gme(n:)], we can obtain,
E [[hme(nt)]mek] = E{ exp [mOk(Hs(C(m) = E[C(n)]) + (|| - E[Iml]))} }

_ E{ exp | = mBy (< B[C(n)] + v Elml)) | - exp [m (¢ m) + 1) }

= exp { = ml[REC)] +1En ] | - B|(nid + 1) - exp (@] |

The first term is again a constant. The term, (|| + 1)™0*s182(1) is a polynomial factor,
its finiteness only requires existence of moments 7;. The term exp(fym-~y|n|) is more
restrictive, it requires the mgf of 7, to exists at the argument y = méiy. The mgf
of n;, defined as m,, () = E[e*™], exist for p € (—0,9). Define the worse case values

01 = |Y]0maxm, 02 = |Y|@mimm. Therefore, sufficient conditional for Proposition 1 in the

MEGARCH model to hold is that §; and d, are smaller than §.

12



4 Proposed estimation procedure

Together with Eq. , Eq. , Eq. and the four long-memory GARCH models, we
define the dual-trend and dual long-memory models. The estimation of such models

proceeds as follows:

1. The local linear trend m(x;) is estimated using the data-driven algorithm from the

esemifar package.

2. Either a FARIMA or an ARMA model is then fitted to the trend stationary process
7.
3. The residuals 7; obtained in the previous step are used to estimate the slowly chang-

ing scale on In 7.

4. Finally, the stationary return, ét, can be computed, and a long-memory GARCH
model is fitted.

4.1 Nonparametric estimation algorithm

According to Beran and Feng (2002a) and Beran and Feng (2002b)), the vth derivative
m(z), m")(z), can be approximated by local polynomial regression with long-memory
errors. Given observations Y, = 1...n, the local polynomial estimator of m™)(x) (v < p)
at a specified point x can be obtained by minimizing the locally weighted least squares

problem,

n P 2

@:;{n_;wt_my} w (), (21)
where h > 0 is the bandwidth, W is the second order kernel function with a symmetric
density on [—1,1]. Let B = (BO,Bl, ...,Bp)T, we have m¥)(z) = V1B,. Tt is assumed that
p — v is odd, m® (x) is now asymptotically equivalent to some kernel regression with a
k = p+ 1-th order kernel K (u) with boundary correction. Under the assumption that the
process with finite fourth moments, m(z) can be estimated by an IPI-algorithm, which
selects the asymptotically optimal bandwidth by minimizing the AMISE (asymptotic
integrated squared error). The AMISE is given by,

13



I[m™)5? L ()7 (dy = 0)V ()

[k1]2 h2v ’
where 8 = [1 uF K (u)du, T[m®] = fcdbb[m(k)(x)]de with 0 < ¢, < d, < 1 to reduce
the boundary effect, which refers to the effect of the estimates at the boundary points.
For d > 0, V(1) = 2¢;,0(1 — 2d)sin(rd) [*, [!, K(z)K (y)|z — y|**'dedy. For d = 0,
V(1) = 2mey f_ll K?(x)dxz. ¢y = f(0) is the spectral density at frequency 0 of the AR and
MA components of Z; in Eq. and of & in Eq. @, where & and Z; follow a FARIMA

process. It is given by,

AMISE(h) = p**+=) (22)

o2(1 411 + ... +1,)?

cr = f(0)= . 23
=10 27(1 — g1 — ... — Pp)? (23)
By minimizing the AMISE, the asymptotically bandwidth is obtained as follows,
hy = Cnd=D/CGkH1=2d) - ity (24)
o (K 2041 -2d(d - a)V(D) 1/ @k+1-2d) (25)
S \2(k-v) 2 I[m®)] ,

where I[m®] can be obtained by local polynomial regression and numerical integration.
The parameters d and c; can be obtained via maximum likelihood estimates. The IPI-

algorithm for estimating m(-):

i) Set the initial bandwidth hy and select the AR- and MA-order (p, q).

ii) Obtain the estimate of m(z;) from Y; by minimizing Eq. using h;_;. Then,
compute the residuals Z, = Y; —r(2,). Fit a FARIMA model with the (p, ¢) orders
selected in Step i) to Z, to estimate d and V.

iii) Let a be an inflation factor and set hy; = (h;—1)®, where a is defined as,

2k +1—2d
= = r
@ = 9p T3 _24 °
T = o s —og
O =g = 1/2.

Estimating I[m®] via a local polynomial order p+2 and haj. hj—1 can be improved

by,

) R - 1/(2k+1-2d)
h‘ — [k'] 1 - 2d (db - Cb)V(l) . n(QdA—l)/(Qk-i-l—&f) (27)
T\ 2k TR I '

14



iv) Increase j by 1. Repeat ii) and iii) until convergence or a given number of iterations

has been reached. Set iLopt = h;.

[ch, dp) stands for the interior region for the trend estimation. ¢, refers to the left cut-off
and dj, is the right cut-off. It is well known that high-order derivatives are very sensitive to
the boundary bias. In contrast, low-order derivatives are more stable at the boundaries,
with bias growing more slowly, which makes the use of the entire sample safer. Following
Letmathe et al. (2024), the initial bandwidths are set to hg = 0.1 for p = 1 and hy = 0.2
for p = 3. Additionally, the authors recommend employing ¢, = 1 — d, > 0 when p = 3.
For instance, if ¢, = 0.05, and we have d, = 0.95. In this case, only 90% of all the sample
is used as the interior region, which effectively reduces the boundary effect. For p = 1,
all data are employed and ¢, = 1 —d, = 0, i.e. ¢, = 0 and d, = 1. The bandwidth
hq; is enlarged by o, which is the exponential inflation factor. There are three types of
inflation factors. They satisfy the ordering cve, > Qpai > Qopt, and as d — 0.5, we have
Olnai = Qyar. Qope Minimizes the MSE of I [m(k)] and thus yields the optimal convergence
rate for the plug-in bandwidth estimator, ﬁj. Qnq; achieves the optimal convergence
rate for m®). a,,, ensures that the bandwidth selection remain stable in practice. The
appropriate choice of a depends on the underlying data structure and the estimation goal.

For details, see Beran and Feng (2002a)).

According to Feng et al. (2023), the asymptotic bias and variance of the estimated m(z)
are not affected by the nonlinearity in the trend-adjusted series, Z;. Beran and Feng
(2002a)) and Beran and Feng (2002b) indicated that the errors in the estimated trend
function are asymptotically irrelevant for subsequent parametric estimation. Therefore,
when ignoring the volatility structure, the FARIMA MLE estimators are still consistent,
but may not be \/n—consistent.

4.2 MLE for estimating the parametric models

In this study, the volatility models are estimated via quasi maximum likelihood estimator
(QMLE), assuming that the innovations are normally distributed with zero mean and
unit variance. For long-memory GARCH models, let 6, denote the vector of unknown

parameter. The QMLE for estimating 6, with observations (;,t = 1, ..., n, is obtained by
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maximizing the following log-likelihood function
L(0,) = ! il where [, = 1 In(27) + Inf[o?(Fy_1;0,)] + __& (28)
o n - ty t 9 t t—1, Yo Ug(gjtfl; 90> .

For the (1,d, 1) specifications of the FIMLog-GARCH, FIEGARCH, and FIMEGARCH
models, the parameter vector is given by 0, = (w, a, 3, d, k,~)’, while for the FIGARCH it
is 0, = (¢,1,d)’. In the fEGarch package, the solnp function is applied as the nonlinear
optimization using the augmented Lagrange method. When the assumed distribution is
correct, the covariance matrix of the estimated parameters 0, can be obtained from the
inverse of the Fisher information, which is equivalent to the negative inverse of the Hessian
evaluated at the maximum of the log-likelihood. Invertibility of models is a required
condition for applying the QMLE (for more details, see Straumann and Mikosch, 2006)).
This means that unobserved conditional variance o? can be consistently recovered from
the past returns. For GARCH, the proof of invertibility property is straightforward. Peitz
et al. (upcoming) conjecture the MLog-GARCH, EGARCH and MEGARCH models are

invertible, however, a proof of invertibility for those models remains an open question and

is beyond the scope of this study.

For the FARIMA(1,d, 1) model, the log-likelihood function is given by,

72752(3}71; em)

o2

1 1
L6, = - Z ly, where [, = —3 In(27) + In(0?) + , (29)
t=1

where 7; are residuals under parameter vector 6,, = (¢,,d,0?)" for the FARIMA. The
optimization is carried out in two parts. In the first part, Brent’s algorithm is used to
search for d values, which typically range from 0 to 0.5. In the second part, for each
candidate d value from the previous part, the AR and MA parameters are estimated

using the nonlinear least squares via Levenberg-Marquardt algorithm.

4.3 Properties of the estimation of parametric models

Boubacar Mainassara et al. (2021)) derived the asymptotic properties of the Least Squares
Estimator (LSE) of weak FARIMA model and proved that it is consistent under A0*,
AT* and A2*,

A0*: Ele] =0, var (¢,) = 02 and cov (&, €,4,) = 0 for all ¢ € Z and all h # 0.
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A1*: The roots of the AR and MA polynomials, ¢ and 1, lie outside of the unite circle

and have no common factors.

A2*: The innovation process (&) ez is strictly stationary and ergodic.

In the dual-trend and dual long-memory model, the FARIMA innovations are denoted
by r, and are assumed to be a semi-strong white noise or a stationery martingale differ-
ence, such that E(ry|F;_;) = 0 and E(r?) = 02 < co. The semi-strong FARIMA estimator
satisfies A0*, A1* and A2* in Boubacar Mainassara et al. (2021]). For the asymptotic nor-
mality of the LSE, additional assumptions are required, including that the parameter lies
in the interior of the parameter space, as well as conditions on the moments, strong mix-
ing, and the cumulants (A3, A4 and A4’ in Boubacar Mainassara et al., 2021)). However,
those assumptions do not hold for the semi-strong FARIMA model with a semiparametric
long-memory GARCH error process. Therefore, the FARIMA estimator vector, 6,,, in the

dual-trend and dual long-memory model can at least be consistent.

Ling and Li (1997) considered a FARIMA model with the error process following a
standard GARCH process. Consistency and asymptotic normality of the approximate
maximum likelihood estimator (MLE) are shown. For |d| < 0.5, under regular conditions,
the sample information matrix of the FARIMA-GARCH model converges almost surely
(Theorem 3.1 in Ling and Li, [1997). When Theorem 3.1 holds, the model is consistent
and asymptotically normal, with convergence rate of 1/4/n. Since the off-diagonal blocks
of the information matrix in Eq. (18) in Ling and Li (1997) are 0, the estimation of
FARIMA parameters does not depend on the GARCH parameters and vice versa. There-
fore FARIMA and GARCH can be estimated independently without any asymptotic loss
of efficiency (see also Theorem 3.2 in Ling and Li, [1997).

Beran and Feng (2001)) extend the FARIMA-GARCH model of Ling and Li (1997) to a
semiparametric regression with a FARIMA-GARCH error process. The asymptotic nor-
mality of the sample mean of the FARIMA-GARCH process is also established in Beran
and Feng (2001)). In their study, the trend is estimated using local polynomial regres-
sion, the detrended series X; is modeled using a FARIMA process, and its innovations
¢; are assumed to follow a GARCH process. Based on Theorem 1 in Beran and Feng
(2001), they establish the asymptotic normality of the sample mean X = (1/n) Y1 | X,
of the FARIMA-GARCH process. The long-memory parameter satisfies d € (—0.5,0.5).
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Assuming that there is a strictly stationary solution of the GARCH process such that
E(e}) < oo. Additionally, The AR and MA polynomials, ¢ and ¢, have no common
factors, and all their roots lie outside of the unit circle. For the sample mean X of X,
they obtained,
nl/2-dx D, N(0,Vy) with
_ 2 ()2 T(1 — 2d) sin(wd).

Go(1)]2 2d+1 wd
The proof can be found in the Appendix in Beran and Feng (2001]).

Va

Feng et al. (2007) extended the semiparametric fractional autoregressive model (SEMI-
FAR) (Beran and Feng, |2002a; Beran and Feng, 2002c) by allowing the error process
to follow a GARCH specification. This model is referred to as the SEMIFAR-GARCH
model. The semiparametric FARIMA-GARCH in Beran and Feng (2001) is a special case
of the SEMIFAR-GARCH when the differencing order is 0. Let X; be the trend station-
ary FARIMA-GARCH process as in Beran and Feng (2001)), with trend function m(-) at
least (p + 1)-times differentiable, and assume Lemma 1 in Feng et al. (2007) hold, then
the asymptotic properties of a local polynomial estimator of m(-) are independent of the
unknown GARCH parameter vector 6, (see Lemma 2. in Feng et al., [2007). Additionally,
the FARIMA innovations satisfy E(¢?) = 02 and E(¢}) < oo. Further assuming that other
regularity conditions on the FARIMA model, the bandwidth, the smoothness of m(-) hold.
Then the trend m(-) and the FARIMA parameter vector 6, in the SEMIFAR-GARCH
model can be estimated without affecting the asymptotic properties of their estimators.
(see Lemma 3. in Feng et al., [2007). The consistency of 7(-) and the FARIMA estimator
vector, 0,,, is established in Feng et al. (2007). Assume that ¢; is a GARCH process de-
fined by Eq. (2.2) in Feng et al. (2007) with E(e}) < oo and that Theorem 1 in Feng et al.
(2007) hold. Then v/ (6, —6,,) 2 N(0,), if 0 < o < 1/2 such that (p+ 1a+d > 1/4,
where 3> = 2D~ is defined in Theorem 1 in Beran (1995). The authors show that 6,
is y/n—consistent under suitable conditions on the bandwidth and other regularity con-
ditions. In this case the effect of the FARIMA estimation on the GARCH estimation is
negligible (see Theorem 2 in Feng et al., 2007). If the above condition holds, the error in
the FARIMA estimators do not have any effect on the GARCH estimators.

Feng (2004)) proposed the Semi-GARCH. They demonstrated that, under the regularity
conditions of nonparametric regression and the GARCH model, the GARCH parameter

vector, 6, is y/n—consistent and asymptotically normal up to a bias term By = E (é — é)
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For a suitable choice of bandwidth in the nonparametric component, the nonparametric
regression does not affect the convergence rate of the GARCH parametric estimator. In

particular, if 6 is estimated with & = O(h,), then By = O(n=%/°).

In the dual-trend and dual long-memory model, the trend stationary semi-strong FARIMA
errors are assumed to follow a semiparametric long-memory GARCH process. Following
the idea of Feng et al. (2023), f,, is obtained by fitting a FARIMA using the fracdiff
package in R without further assumptions on the volatility structure of r;. It is reported
in Feng et al. (2023) that 6,, is consistent with a rate of convergence of order o,(n~"/4),
for d < 0.25. For d > 0.25, the convergence rate of 6,, is lower. Regardless of whether
O, is merely consistent or y/n—consistent, the obtained covariance matrix 0., is no longer
valid for the FARIMA component in the dual-trend and dual long-memory model, as
the FARIMA innovations follow a semiparametric long-memory GARCH process. The
standard errors of the estimated coefficients of the FARIMA model are provided for ref-
erences only. The convergence rate of the parametric estimator might not be affected by
the nonparametric part if the bandwidth is selected appropriately (Feng, 2004). However,
how the estimation error in the mean level affects the scale function estimation, and how
the errors in the first three components affect the final long-memory volatility estima-
tion, remains an open question. A detailed theoretical proof of this issue is beyond the
scope of this paper. Nonetheless, it remains worthwhile to explore the model empirically.
Simulation studies can be carried out elsewhere to illustrate the consistency of the model

estimation.

5 Data and application

Three R packages applied in this study are the esemifar (Letmathe et al.,2024), fracdiff
(Maechler, 2024) and fEGarch (Schulz et al., [2025). The esemifar package is used to
estimate trends in both the conditional mean and variance, while fracdiff and fEGarch
are employed to estimate FARIMA and long-memory GARCH models, respectively. The
four mentioned dual-trend and dual long-memory models are applied to real daily wages
(WGUK) data, which is measured in pounds sterling. This series consists of yearly obser-
vations from 1260 to 1994 and can be accessed in the R package fma (Hyndman, 2023).

In addition to this, four economic data series from FRED, Federal Reserve Banks of St.
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Louis are also analyzed.

1. Asset-backed commercial paper outstanding (ABCOMP) refers to the total amount
of asset-backed commercial paper that has been issued but has not reached its
maturity date, and it remains in the market. ABCOMP is measured in billions of
dollars and contains 1285 weekly observations, spanning from January 3, 2001 to

August 13, 2025 (https://fred.stlouisfed.org/series/ ABCOMP).

2. 30-year fixed rate mortgage average in the US (MORTGAGE) consists of 2838
weekly observations from April 2, 1971 to August 14, 2025, and it is expressed in
percentages (https://fred.stlouisfed.org/series/ MORTGAGE30US).

3. Producer price index by industry for petroleum lubricating oil and grease man-
ufacturing is a monthly dataset with 535 observations, covering the period from
December 1, 1980 to June 1, 2025 (December 1980 as base period). This in-
dex is normalized to December 1980 = 100, values above 100 indicates producer
prices are above the December 1980 level. This series is abbreviated as PPIPLOG.
(https://fred.stlouisfed.org/series/PCU324191324191).

4. Industrial production: Mining (NAICS = 21) is a monthly dataset spanning from
January 01, 1919 to January 01, 2024, and includes a total of 1261 observations. It
is short for IPMINE and measures the monthly industrial production specifically for
the U.S. mining sector. This index is seasonally adjusted and normalized to 2017 =

100 (https://fred.stlouisfed.org/series/[PMINE).

Firstly, a log transformation is applied to all selected data sets. The logarithmically
transformed series and estimated local linear trend are displayed in panel a) of each figure
from Figure |1 to Figure A clear trend can be observed in each series. Panel b) in
each figure shows the detrended series. The FARIMA(p, d, q) or the ARMA(p, ¢) models
are considered to estimate the conditional mean for the trend stationary series, and the
choice between the FARIMA and the ARMA models depends on their BIC value. For
simplicity, we only consider p and ¢ taking the values 0 or 1. The estimated bandwidths,
coefficients, and their corresponding standard errors of the selected mean models, as well
as the X(ng) Ljung-Box (LB) statistics and their respective p-values, are listed in Table .
It can be observed that, except for the WGUK series, the FARIMA model is selected for
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all trend-stationary datasets. Notably, significant long-memory coefficients are found in
the ABCOMP and PPIPLOG datasets, whereas a moderate long-memory parameter is
observed in the MORTGAGE under the FARIMA model. In contrast, the long-memory
parameter for the IPMINE is very small and tends toward zero, indicating a lack of
long-memory in the conditional mean level for this dataset. For the WGUK series, the
ARMA(1,1) model is selected, and no long-memory is detected for this series as well.
The LB statistics are used to test for autocorrelation in the residuals of the FARIMA
or ARMA models up to 30 lags. The LB tests results in Table [1| show that the null
hypothesis can be rejected, indicating the presence of autocorrelation. Highly dependent
FARIMA or ARMA residuals and the estimated scales are displayed in panel ¢) on each
figure. A slowly changing scale can be observed in each series. Therefore, the removal of
such a scale is necessary before further analysis of volatility. The estimated bandwidth h

of the scale function for each data series is reported in Table [2]

Table 1: Estimated bandwidths, coefficients of the selected mean models and the LB test

statistics.
. ) o d LB test
Series Model h
(se) (se) (se) (p-value)
0.883 0.142 0.413 115.360
ABCOMP FARIMA 0.083
0.015 0.010 0.018 6.039%e-12
0.980 - 0.150 1143.300
MORTGAGE FARIMA 0.103
0.004 - 0.016 < 2.2e-16
0.900 - 0.443 117.090
PPIPLOG FARIMA 0.116
0.008 - 0.020 3.119e-12
0.905 - 4.583e-05 165.940
IPMINE FARIMA 0.104
0.025 - 0.049 < 2.2e-16
0.515 0.261 - 180.53
WGUK ARMA 0.054
0.045 0.049 - < 2.2e-16

The final step is to estimate the volatility of the stationary series. Four long-memory
GARCH-type models, namely FIMLog-GARCH, FIEGARCH, FIMEGARCH and FI-
GARCH, are applied for the volatility analysis. The selection of the best volatility model
is based on their BIC values. The FIEGARCH model is selected as the best model for
the ABCOMP and WGUK series. The FIMEGARCH and FIMLog-GARCH models are
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the top performers for the PPIPLOG and IPMINE series. The benchmark model FI-
GARCH delivers the best results for the MORTGAGE series. The estimated parameters
of the best volatility model for each data series, along with their standard errors, and
the LB-test results can be found in Table . (;AS and 1@ represent the estimated coeffi-
cients of the FIGARCH model, while B, k and 4 are the estimated parameters of the
FIMLog-GARCH, FIEGARCH, FIMEGARCH models. Both 3 and ¢ are listed in the
same column, representing persistent effects, while 4 and 7,& are stored in the same col-
umn, representing magnitude effects. Notably, all coefficients for both persistence and
magnitude are positive. As expected, the asymmetry coefficient £ can be either positive
or negative. The long-memory parameters of the EGARCH family members lie within
the stationary range, however, the estimated long-memory parameter for the FIGARCH
model is 0.526, which exceeds the maximum allowed value. From the LB test results,
the null hypothesis cannot be rejected, indicating that no significant autocorrelation re-
mains in the errors. Overall, the proposed dual-trend dual long-memory model performs
well, effectively capturing both trend and long-memory features in the first and second

moments of the series.

Table 2: Estimated bandwidth, coefficients of the selected volatility models and the LB

test statistics.

. & 3/ i A% d LB test
Series Model h plo i
(se) (se) (se) (se) (se) (p-value)
0.005 0.178 -0.163 0.343 0.180 24.334
ABCOMP FIEGARCH 0.097
0.101 0.521 0.041 0.055 0.188 0.757
0.129 0.473 - 0.649 0.526 33.685
MORTGAGE FIGARCH 0.176
0.023 0.109 - 0.107 0.112 0.294
0.016 0.821 0.154 0.568 0.062 20.720
PPIPLOG FIMEGARCH 0.128
0.271 0.050 0.113 0.072 0.120 0.897
0.160 0.625 -0.203 1.000 0.042 14.369
IPMINE FIMLog-GARCH 0.188
0.218 0.143 0.064 0.107 0.138 0.993
-0.073 0.170 -0.263 0.257 0.316 28.491
WGUK FIEGARCH 0.169
0.129 0.155 0.056 0.084 0.095 0.544
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Figure 5: Dual-trend and dual long-memory example - WGUK.

6 Conclusion

This study proposes a dual-trend and dual long-memory model to analyze economic time
series. It is defined as the Semi-FARIMA model with a slowly changing scale and long
dependency heteroskedastic errors. A four-step estimation procedure is proposed as well.
First, the trend in the mean level is estimated via the IPI-algorithm. Second, the con-
ditional mean is modeled using FARIMA or ARMA. Third, the slowly changing scale in
the variance is estimated using the same nonparametric approach as for estimating the
mean trend. Finally, volatility analysis is implemented using three long-memory GARCH
models from the EGARCH family, with the FIGARCH model serving as the benchmark.
The results confirm that the proposed models successfully detect trend and long-memory
features in both the first and second moments, with no systematic patterns remaining in
the residuals. The benchmark model outperforms other GARCH models for the MORT-
GAGE series, while the EGARCH-type models perform best for the other four series.

Simulation studies will be conducted in future research to assess the consistency and
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examine the approximate normality of the estimators in finite samples.
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