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Abstract

A semiparametric spatial long-memory time series model, called Semi-SFARIMA, in

the presence of a seasonality surface and random intraday e�ects is introduced and

de�ned. Initially, a local polynomial double conditional smoothing (LP-DCS) tech-

nique is employed to smooth the seasonal surface in the nonparametric part. Subse-

quently, intraday curves are identi�ed using automated local polynomial smoothing

in a one-dimensional context. Ultimately, residual series obtained from the preced-

ing steps undergo modeling using a (parametric) spatial FARIMA framework. The

statistical signi�cance of the estimated spatial FARIMA parameters are assessed

through asymptotically valid standard errors. The estimation method is illustrated

by in-depth analysis of air temperature from two distinct weather stations, Yuma

and Murphy. Since the example series include missing values, an imputation method

for univariate time series is considered as a preliminary treatment during the data

collection and processing. The proposed ideas prove to be useful in practice when

being confronted with spatial time series with two-directional seasonality patterns.
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1 Introduction

Numerous studies in the literature suggest that various time series data, such as revenues

series, in�ation rate, monetary aggregates, squared returns, temperature, and air pollu-

tion data, often display long-memory characteristics and possible cyclical behaviour (Ding

et al., 1993; Granger and Ding, 1996; Andersen and Bollerslev, 1997; Baillie and Chung,

2002; Beran et al., 2015). As a result, various statistical approaches have been suggested

for modeling such data in the univariate scenario. These include Gegenbauer autoregres-

sive moving-average processes (GARMA) (Andel, 1986; Gray et al., 1989; Gray et al.,

1994), the seasonal autoregressive fractionally integrated moving-average (SARFIMA)

model (Porter-Hudak, 1990), k-factor GARMA processes (Giraitis and Leipus, 1995;

Woodward et al., 1998), and �exible seasonal fractionally integrated processes (�exible

ARFISMA, Hassler, 1994). Generally, in some �elds such as biology, ethology, epidemiol-

ogy, or bio-geography, and especially in climatology, spatial dependence usually indicates

a scenario where the values observed at one location or region, such as observation i, are

in�uenced by the values of neighboring observations in close proximity (Reynolds and

Smith, 1994; Snell et al., 2000; Lin et al., 2002; Haining, 2003; Hubbard and You, 2005;

Stahl et al., 2006; You et al., 2008; Wang et al., 2009, among others). Adopting this

feature, when high-frequency data replaces observations of regions or locations, a spatial

time series emerges with two dimensions of time. Quite often, but not necessarily, one

dimension corresponds to the interday, i.e. the day to day, dimension, while the other

pertains to the intraday dimensions, i.e. it contains observations within a given day.

When observing such a spatial series, for example environmental data, an analyst could

be confronted with a two-fold seasonality: �rstly, there could be a pattern that repeats

within each given day, while secondly, another pattern could arise at each given time of

day over multiple days. A time series model with such a spatial seasonality and long-

memory errors is at the center of this article, which is, to our knowledge, not represented

in existing literature.

The remaining part of this paper is structured as follows. Section 2 proceeds with the

de�nition of a Semi-SFARIMA model incorporating a smooth function for potential sea-

sonal estimation adjustments under spatial FARIMA errors using the DCSmooth R-package

(Schäfer, 2021a). Furthermore, this section also delves into the design and de�nition of
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spatial FARIMA models considered as the error process. Section 3.1 continues to intro-

duce and explains brie�y the double conditional smoothing (DCS) algorithm, including

the procedure from kernel regression pioneered by Beran, 1994; Beran et al., 2015 to the

use of local polynomial regression (Schäfer, 2021b; Letmathe et al., 2024). Next, Section

4 explains the estimation method for spatial seasonality which applies to the chosen ex-

amples in the application part. In Section 5, the methodology for estimating individual

intraday curves is provided. Prior to Semi-SFARIMA modelling of real-world data using

DCSmooth, Section 6 addresses a selection of missing value imputation methods, as the

selected example series exhibit gaps in rare cases. Section 7 then presents some �nd-

ings from the analysis of two air temperature datasets from two weather stations, one in

Yuma (Arizona) and the other in Murphy (Idaho), comprising over 631,000 observations

spanning six consecutive years from 2015 to 2020 with 288 observations per day at the

frequency of 5 minutes. Finally, Section 8 concludes and provides some suggestions for

further research.

2 De�nition of the Semi-SFARIMA

By default, it is assumed that the data follow a Semi-SFARIMA (Peitz and Feng, 2015;

Schäfer, 2021b). The setup of the two-dimensional, spatial model is

ya,b = m (x1,a, x2,b) + τa,b, (1)

where ya,b = y (x1,a, x2,b) is the observed spatial time series; m(•, •) is considered to be a

smooth spatial seasonality surface, following a nonparametric regression function, and τa,b

are stationary spatial errors with long memory, zero-mean and a �nite variance var(τa,b) =

σ2
τ . Accordingly, the random �eld ya,b of the Model (1) forms a triangular array with the

sets of design points X1 = {x1,a}, a = 1, ..., n1, and X2 = {x2,b}, b = 1, ..., n2. The points

x1,a, x2,b are given by the rescaled variables x1,a = a/n1 and x2,b = b/n2 on the range

[0,1] × [0,1]. Please note that outside of the context of this article, m(x1,a, x2,b) is in more

general terms an (unconditional) mean surface in ya,b, if ya,b is a Semi-SFARIMA. By this

de�nition, the term semiparametric spatial FARIMA involves the estimation of two parts:

the estimation of m as the nonparametric part and the employment of a parametric model

(speci�cally, spatial FARIMA process) for modeling the error structure. In this paper,
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following the previous de�nition given in (1), exclusively equidistant series in both time

dimensions are considered. In particular, note that we consider dimension a to be the

interday dimension, i.e. the time dimension for the days, and b the intraday dimension,

i.e. the time dimension for the time of day, throughout in context of our own empirical

analyses in Section 7.

Model (1) is an adequate choice, if the data is roughly stationary after removing a suit-

able estimate of the entire surface m(·, ·). Nonetheless, since we �nd random and strongly

varying intraday curves in Section 7 after removing estimated surfaces, an extension of

Model (1) is motivated, where we account for these random e�ects. Denote by ga(x2,b) a

random curve on day a over the day time x2,b with E [ga(·)] ≡ 0, where the expectation

is over all observation days. Hence why the proposed extension of Model (1) is

ya,b = m(x1,a, x2,b) + ga(x2,b) + τa,b. (2)

We call this model a Semi-SFARIMA with random e�ects. Note that ra,b ≡ ga(x2,b)+ τa,b.

In this context, both m(·, ·) and the collection of curves (ga(·)), a = 1 . . . , n1, need to be

estimated before analyzing the resulting residuals through a parameteric framework. The

estimation steps for the components m(·, ·) and ga(·) for Model (2) will be thoroughly

elucidated in Section 4. This idea of random intraday curves is closely related to that

by Feng and Peitz (2013), who proposed a semiparametric spatial volatility model with

individual random e�ects both for the intraday and the interday dimension.

In general, the process τa,b is referred to as an SFARIMA(p1, p2)(q1, q2) process (Beran

et al., 2009), d1 and d2 are implied, which is a spatial extension of the univariate FARIMA

model (Granger and Joyeux, 1980; Hosking, 1981):

ϕ1 (B1)ϕ2 (B2) (1−B1)
d1 (1−B2)

d2 τa,b = θ1 (B1) θ2 (B2) υa,b, (3)

where υa,b represents independent and identically distributed (iid) random variables with

mean zero and a �nite variance σ2
υ. Moreover, B = (B1, B2) signi�es the backshift op-

erators in the two dimensions. If ξ (B) = ξ1 (B1) ξ2 (B2) and ψ (B) = ψ1 (B1)ψ2 (B2),

where

ξk (Bk) = (1−Bk)
dk ϕk (Bk) θ

−1
k (Bk) = 1 +

∞∑
i=1

ξk,iB
i
k, (4)

ψk (Bk) = (1−Bk)
−dk ϕ−1

k (Bk) θk (Bk) = 1 +
∞∑
j=1

ψk,jB
j
k, (5)
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k = 1, 2 and where ξk,0 = ψk,0 = 1, then, if τa,b is stationary and invertible, Equation (3)

is equivalent to

υa,b = ξ1 (B1) ξ2 (B2) τa,b = ξ (B) τa,b and (6)

τa,b = ψ1 (B1)ψ2 (B2) υa,b = ψ (B) υa,b. (7)

Equation (6) and (7) are the spatial in�nite-order AR and the spatial in�nite-order MA

representations, respectively. It is known that 0 ≤ d1, d2 < 0.5 denotes two memory

parameters, while ϕ1 (B1) and ϕ2 (B2) stand for the AR-polynomials, and θ1 (B1) and

θ2 (B2) denote the MA-polynomials of marginal time series models in each dimension. It

is customary to note that these polynomials are without common factors and that they

possess all roots located outside the unit circle and follow

ϕk (Bk) = 1− ϕk,1Bk − · · · − ϕk,pkB
pk
k = 1−

pk∑
i=1

ϕk,iB
i
k and (8)

θk (Bk) = 1 + θk,1Bk + · · ·+ θk,qkB
qk
k = 1 +

qk∑
j=1

θk,jB
j
k (9)

with k = 1, 2, where all ϕki and all θk,j are real-valued coe�cients. In such cases, the

spatial process corresponds to the product of two univariate FARIMA processes. More-

over, within a separable SFARIMA process, parameter estimation can be streamlined to

involve the estimation of two univariate FARIMA processes in two directions (Martin,

1979), akin to the local polynomial double conditional smoothing (LP-DCS) procedure.

Generally, the techniques utilized for parameter estimation in univariate FARIMA models

can be readily adapted to estimate the parameters in the polynomials ϕ1 (B1), ϕ2 (B2),

θ1 (B1), θ2 (B2) and σ
2
υ in the SFARIMA model outlined in Equation (3).

3 Estimation of Semi-SFARIMA

Based on Model (1), we propose to estimate the smooth surface m(x1,a, x2,b) and the

SFARIMA τa,b in a two-step procedure using LP-DCS and a least squares estimator of

the SFARIMA following the descriptions in Feng et al. (2021), however without automatic

bandwidth selection. Therefore, in the subsequent Sections 3.1 and 3.2, respectively, brief

summaries on these topics are provided. The exact LP-DCS-based estimation approach

for m(x1,a, x2,b), if m(x1,a, x2,b) is a spatial seasonality surface, is described in Section 4.
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3.1 Summary of double conditional smoothing

Generally, smoothing is understood as the estimation of the mean surface of the obser-

vations, or functional time series by traditional bi-variate (2D) nonparametric regression

approaches in literature (Müller, 1988; Ruppert and Wand, 1994; Härdle and Müller,

2000; Scott, 2015). The innovative DCS represents a signi�cant advancement in the

existing literature, markedly enhancing computational e�ciency (Peitz and Feng, 2015;

Schäfer, 2021b). This improvement is particularly notable because traditional 2D smooth-

ing techniques become slow as the number of observations in both dimensions increase.

In summary, the development of the DCS method has progressed through two distinct

phases. Initially, it involved bi-variate kernel regression using a bi-variate product kernel

estimator and kernel weights (Müller, 1988; Müller and Prewitt, 1993). This was followed

by the LP-DCS with the incorporation of boundary correction to address boundary e�ects

(Beran and Feng, 2002b; Schäfer, 2021b; Letmathe et al., 2024). The method was re�ned

to enhance computational e�ciency, resulting in a faster functional smoothing scheme de-

signed to eliminate redundant computations and reduce the runtime of the IPI algorithm

implementation.

As per knowledge, local polynomial regression for multivariate data investigated by

some authors, e.g., Ruppert and Wand (1994), Yang and Tschernig (1999), Hallin et

al. (2004) and Wang and Wang (2009) together with the DCS technique proposed by

Peitz and Feng (2015), therein however under kernel regression and iid errors, are the

foundations for the DCSmooth package by Schäfer (2021a) for the statistical software R.

Furthermore, the combination of DCS and local polynomial regression for multivariate

data solves the boundary problem of kernel regression, in which the order of the bias at

the boundary di�ers from the bias in the interior. This becomes particularly challenging

when managing two-dimensional data, given that the ratio of the boundary region to the

interior typically exceeds that observed in the univariate scenario. In literature, some

authors proposed to correct this problem by using boundary correction kernels (Gasser

and Müller, 1979; Müller, 1992; Müller and Wang, 1994), yet, estimation at the boundary

is still unstable, especially for the estimation of derivatives. Hence, the introduction of

local polynomial regression instead of kernel regression, which has an automatic bound-

ary correction, mitigated that problem (Fan and Gijbels, 1992; Fan and Gijbels, 1996).

Under the assumption that m is at least (o1 + 1, o2 + 1)-times di�erentiable at a point
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(x1,0, x2,0), m (x1,a, x2,b) in (1) can be approximated by a local polynomial of order (o1, o2)

for (x1,a, x2,b) in a neighbourhood of (x1,0, x2,0). Then the overall minimization problem

can be stated to be

Q(x1,0, x2,0) =

n1∑
a=1

n2∑
b=1

{
ya,b −

o1∑
s=0

o2∑
t=0

(x1,a − x1,0)
s (x2,b − x2,0)

t βs,t(x1,0, x2,0)

}2

×W

(
x1,a − x1,0

h1
,
x2,b − x2,0

h2

)
⇒ min,

(10)

where βs,t(x1,0, x2,0) are the coe�cients of interest in the proximity of (x1,0, x2,0) so that

the estimator

m̂(κ1,κ2)(x1,0, x2,0) = κ1!κ2!β̂κ1,κ2(x1,0, x2,0) (11)

arises for the derivative of orders κ1 and κ2 for each respective dimension of m(x1,0, x2,0).

Moreover, W (u1, u2) = W1(u1)W2(u2) are bivariate product weights with W1 and W2

being weighting functions each with compact support [−1, 1] that are allowed to have

boundary modi�cation. In practice, this single-step approach is however computationally

extensive, which is why Schäfer (2021b, pp. 65�68) exempli�es DCS in context of two-

dimensional local polynomial regression under selected assumptions.

Schäfer (2021b, pp. 65�68) gives

Q1|2(x1,0) =

n1∑
a=1

{
ya,b −

o1∑
s=0

β1|2,s(x1,0) (x1,a − x1,0)
s

}2

W1

(
x1,a − x1,0

h1

)
,

b = 1, . . . , n2, and

(12)

Q2|1(x2,0) =

n2∑
b=1

{
ya,b −

o2∑
s=0

β2|1,s(x2,0) (x2,b − x2,0)
s

}2

W2

(
x2,b − x2,0

h2

)
,

a = 1, . . . , n1,

(13)

as the intermediate weighted sums of squares, by conditioning on either x1,a or x2,b, that

need to be minimized, with solutions

m̂(κ1)(x1,0 | x2,b) = κ1!β̂1|2,κ1(x1,0) and (14)

m̂(κ2)(x2,0 | x1,a) = κ2!β̂2|1,κ2(x2,0). (15)

Given these intermediate results, the equivalent solutions to the weighted sums of squares

Q1(x1,0) =

n1∑
a=1

{
m̂(κ2)(x2,0 | x1,a)−

o1∑
s=0

β1,s(x1,0) (x1,a − x1,0)
s

}2

W1

(
x1,a − x1,0

h1

)
(16)
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as well as

Q2(x2,0) =

n2∑
b=1

{
m̂(κ1)(x1,0 | x2,b)−

o2∑
s=0

β2,s(x2,0) (x2,b − x2,0)
s

}2

W2

(
x2,b − x2,0

h2

)
(17)

are either

m̂(κ1,κ2)(x1,0, x2,0) = κ1!β̂1,κ1(x1,0) or (18)

m̂(κ1,κ2)(x1,0, x2,0) = κ2!β̂2,κ2(x2,0), (19)

Thus, DCS for local polynomial regression is a two-step procedure, where at �rst univari-

ate local polynomial smoothing is done for each subseries in one dimension and where in

a second step the intermediate results are considered for smoothing in the other dimen-

sion (Schäfer, 2021b, pp. 65�68). For each of the problems (12) to (17) there exists a

closed-form solution. Denote by

Xk =


1 (xk,1 − xk,0) (xk,1 − xk,0)

2 . . . (xk,1 − xk,0)
ok

1 (xk,2 − xk,0) (xk,2 − xk,0)
2 . . . (xk,2 − xk,0)

ok

...
...

...
. . .

...

1 (xk,nk
− xk,0) (xk,nk

− xk,0)
2 . . . (xk,nk

− xk,0)
ok

 , k = 1, 2, (20)

the nk × (ok +1) design matrix. Furthermore, let z = (z1, z2, . . . , znk
)T be a nk × 1 vector

with the values of the (one-dimensional) regressand, for example with the elements of ya,b

either given a or b, of m̂(κ2)(x2,0 | x1,a) or of m̂(κ1)(x1,0 | x2,b). In addition, W must be a

nk × nk diagonal matrix containing the weights following the weighting function on the

main diagnoal. Then,

l̂(xk,0) = κk!ι
T
κk+1

(
XT

kWXk

)−1
XT

k z, k = 1, 2, (21)

where ιi is a (ok+1)×1 vector with zeros everywhere, with exception of the i-th element,

which is one. l̂(xk,0) is the (univariate) local polynomial estimator of the quantity of

interest at the time point xk,0.

Regarding boundary modi�cation within LP-DCS, the boundary region can be delin-

eated as encompassing all points within X1 and X2 that lie within a distance no greater

than the bandwidths from the boundaries at 0 or 1 (Schäfer, 2021b). As highlighted by

Schäfer (2021b), there is an increasing share of the boundary region in the total area of

support [0,1] × [0,1] in two-dimensional models in comparison to one-dimensional ones.
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A major drawback of (bivariate) local polynomial regression at boundary points is the

potential discontinuity in the bias of the estimator between interior and boundary points

(Schäfer, 2021b). To tackle this problem, besides the truncated weight function used in

the interior, Schäfer (2021b) proposes to consider two classes of boundary-modi�ed lo-

cal regression weights (23) and (24), adapting the ideas of boundary kernels from Müller

(1992) and Müller and Wang (1994) in order to continue to estimate the boundary regions

where the truncated part of the weight function (22) for the interior region cannot. At a

boundary point x·,a, for q ∈ [0, 1] and a smoothness parameter µ ∈ {0, 1, 2, . . . }, for the
right boundary, these weights are:

W 0
q (u) = (1 + u)µ (1− u)µ , u ∈ [−1, q], (22)

W r
q (u) = (1 + u)µ (q − u)µ , u ∈ [−1, q], (23)

W s
q (u) = (1 + u)µ (q − u)µ

′
, u ∈ [−1, q], µ′ = max (0, µ− 1) . (24)

The corresponding left boundary weighting functions have support u ∈ [−q, 1]. Among

these three methods, (24) provides the lowest bias (Schäfer, 2021b). Thus, in our analysis

in Section 7 using the R package DCSmooth, we will use the default of Müller Wang kernels

(Müller and Wang, 1994) of orders (c, µ, κ) = (2, 2, 0) in both dimensions, where c is the

kernel order and κ is the order of derivative (either κ1 or κ2), which are the default in the

package and which correspond to a special case of (24).

Assume b1 = O(nζ1
1 ) and b2 = O(nζ2

2 ), where ζ1, ζ2 > −1/c and furthermore pre-

sume both (n1b1)
1−2d1b2κ1

1 → ∞ and (n2b2)
1−2d2b2κ2

2 → ∞ for n1 → ∞ and n2 → ∞,

respectively (Feng et al., 2021). Furthermore, m(κ1,κ2)(x1,a, x2,b) must be at least two

times continously di�erentiable and Lipschitz continuous, while it is also assumed that

m(κ1+1,κ2+1)(x1,a, x2,b) is Lipschitz continuous. According to Theorem 3 in Feng et al.

(2021), and given c = o1 + 1 + κ2 = o2 + 1 + κ1, λ1 = c − κ2, λ2 = κ1, αk =

(−1)c
∫ 1

−1

∫ 1

−1
uλk
1 u

c−λk
2 K(κ1,κ2)(u1, u2)du1du2/ [λk! (c− λk)!] (for k = 1, 2), ω = c−κ1−κ2,

C = 4σ2
vcf1cf2 ×R1(d1)R2(d2), and

Rk(dk) = Γ(1− 2dk) sin(πdk)

∫ 1

−1

∫ 1

−1

Kk,κk
(u1)Kk,κk

(u2)|u1 − u2|2dk−1du1du2, (25)

k = 1, 2, the asymptotic point-wise bias of m̂κ1,κ2(x1,a, x2,b) is

E
(
m̂(κ1,κ2)(x1,a, x2,b)−m(κ1,κ2)(x1,a, x2,b)

)
= m(λ1,c−λ1)(x1,a, x2,b) [α1 + o(1)] bδ1

+ m(λ2,c−λ2)(x1,a, x2,b) [α2 + o(1)] bδ2

(26)
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where δ = c− κ1 − κ2, and its asymptotic point-wise variance is

var (m̂κ1,κ2(x1,a, x2,b)) = C
[
(n1b1)

1−2d1(n2b2)
1−2d2b2κ1

1 b2κ2
2

]−1
[1 + o(1)] (27)

at an interior point. K(κ1,κ2) and Kk,κk
, k = 1, 2, are asymptotically equivalent kernel

functions. cf1 and cf2 are the sums of autocovariances (each divided by 2π) of ARMA

processes with AR-polynomial ϕ(B) = ϕ1(B) or ϕ(B) = ϕ2(B) and MA-polynomial

θ(B) = θ1(B) or θ(B) = θ2(B), correspondingly.

In terms of selecting optimal bandwidths, the minimizer of the asymptotic mean in-

tegrated squared error (AMISE) is commonly used as a measure of the goodness-of-�t

(Herrmann et al., 1995). This bandwidth selection idea is also incorporated by Schäfer

(2021b) in the context of semiparametric extensions of spatial ARIMA (SARIMA) and

of SFARIMA models. In essence, AMISE is the (asymptotic integrated) variance plus

the squared (asymptotic integrated) bias. For small bandwidths, there is small (squared)

bias but large variance while the (squared) bias is large and variance is small for large

bandwidths. Since there is a trade-o� between (squared) bias and variance, AMISE is

one option for bandwidth selection criterion in nonparametric regression. Within the

DCSmooth package, bandwidth selection involves minimizing AMISE, with asymptoti-

cally valid formulas derived for the bandwidths. Within the package, a data-driven IPI

procedure is employed to iteratively compute bandwidths until convergence is reached.

The resulting bandwidths are the estimates of the asymptotically optimal bandwidths de-

scribed in Schäfer (2021b). Nevertheless, practical implementation, exempli�ed in Section

7, reveals limitations when attempting to smooth the seasonality surface under spatial

FARIMA errors with automatically chosen optimal bandwidths, as the bandwidth tends

to converge to zero. Consequently, to address this scenario, manually selected bandwidths

are employed during processing to ensure integration of potential long memory errors and

the usage of the automated bandwidth selection by Schäfer (2021b) is omitted.

3.2 Summary of the least squares estimator

Regarding the SFARIMA process τa,b, in (1), de�ne rk = pk+qk, k = 1, 2, and r = r1+r2.

Denote by δk = (dk, ϕk,1, . . . , ϕk,pk , θk,1, . . . , θk,qk)
T the (rk + 1) × 1 SFARIMA paramter

vector for either dimension k = 1, 2, so that δ0 =
(
δT1 , δ

T
2

)T
is a (r + 2)× 1 vector.
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According to Beran et al. (2009), a simple least squares estimator (LSE) for δ0 is de�ned

as follows: an SFARIMA process (3), if invertible, allows for the representation

va,b = ξ(B)τa,b

=
∞∑
i=0

∞∑
j=0

ξ1,iξ2,jτa−i,b−j

(28)

by making use of Equation (4). Consequently, given that τa,b are only available for a =

1, . . . , n1 and b = 1, . . . , n2, the innovations va,b are approximated through

v̂a,b(δ) =
a−1∑
i=0

b−1∑
j=0

ξ1,iξ2,jτa−i,b−j, (29)

which subsequently leads to the least squares minimization problem

n1∑
a=1

n2∑
b=1

v̂2a,b(δ) ⇒ min. (30)

The solution δ̂ to (30) is the LSE of δ0, which does not have a closed-form solution and is

therefore obtained numerically. Moreover, Feng et al. (2021) propose a computationally

faster two-stage version of the LSE: �rstly,

v̂a,b(δ2) =
b−1∑
j=0

ξ2,jτa,b−j (31)

are calculated for all 1 ≤ a ≤ n1 and subsequently

v̂a,b(δ) =
a−1∑
i=0

ξ1,iv̂a−i,b(δ2). (32)

for all 1 ≤ b ≤ n2. To �nd δ̂, once again criterion (30) is used.

Furthermore, under regulatory assumptions, Beran et al. (2009) provide (for a perfectly

rectangular time lattice)

(n1 × n2)
1
2

(
δ̂ − δ0

)
→
d
Z ∼ N

(
0,V−1

(
δ0
))

(33)

as the asymptotic distribution of the LSE δ̂, i.e. it is asymptotically normally dis-

tributed with mean vector δ0 and with (r + 2) × (r + 2) variance-covariance matrix

CV = (n1 × n2)
−1 V−1 (δ0), where

V(δ0) =

(
V1 0

0 V2

)
, (34)
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with 0 being zero matrices of adequate size and where V1 and V2 are de�ned through

Vk = (4π)−1

∫ π

−π

{[
∂ ln [fk(λ)]

∂δk

] [
∂ ln [fk(λ)]

∂δk

]T
dλ

}
, k = 1, 2. (35)

f1(λ) and f2(λ) in Equation (35) are the marginal spectral densities of the SFARIMA

given through

fk(λ) = (2π)−1
∣∣1− e−iλ

∣∣−2dk

∣∣∣∣∣θk
(
e−iλ

)
ϕk (e−iλ)

∣∣∣∣∣
2

, k = 1, 2, (36)

where i =
√
−1 and e is Euler's number (Beran et al., 2009), so that the spectral density

of τa,b is given through f(λ) = σ2
vf1(λ)f2(λ). As a consequence, we obtain

ln [fk(λ)] =− ln(2π)− dk ln [2− 2 cos(λ)]

+ ln

{
1 + 2

qk∑
i=1

θk,i cos(iλ) +

qk∑
i=1

qk∑
j=1

θk,iθk,j cos [(i− j)λ]

}

− ln

{
1− 2

pk∑
i=1

ϕk,i cos(iλ) +

pk∑
i=1

pk∑
j=1

ϕk,iϕk,j cos [(i− j)λ]

}
,

(37)

leading to the partial derivatives

∂ ln [fk(λ)]

∂ϕk,l

=
2 {cos(lλ)−

∑pk
i=1 ϕk,i cos [(l − i)λ]}

1− 2
∑pk

i=1 ϕk,i cos(iλ) +
∑pk

i=1

∑pk
j=1 ϕk,iϕk,j cos [(i− j)λ]

, (38)

∂ ln [fk(λ)]

∂θk,s
=

2 {cos(sλ) +
∑qk

i=1 θk,i cos [(s− i)λ]}
1 + 2

∑qk
i=1 θk,i cos(iλ) +

∑qk
i=1

∑qk
j=1 θk,iθk,j cos [(i− j)λ]

, and (39)

∂ ln [fk(λ)]

∂dk
= − ln [2− 2 cos(λ)] , (40)

l = 1, . . . , pk, s = 1, . . . , qk, all for k = 1, 2.

The result in Equation (33), while not being useful in small-sample settings, can be con-

sidered to obtain at least approximately valid standard errors of δ̂ under su�ciently large

n1 and n2 by estimating
√
diag (CV ) through plugging the elements of δ̂ into Equations

(38), (39) and (40), in order to then obtain estimates of Vk in (35), k = 1, 2, through

numerical integration. Estimating V (δ0) in (34) and subsequently CV are then straight-

forward numerical computations. On a further note, Beran et al. (2009) describe that the

statistic

S = (n1 × n2)
1/2 d̂1 − d̂2√

σ1 + σ2
, (41)
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where d̂k are the estimated dk, k = 1, 2, and where σ1 and σ2 are the corresponding

asymptotic standard deviations, is approximately standard normally distributed. Similar

thoughts also hold for any other pair of estimators, one estimator from δ̂1 and one from

δ̂2, due to the asymptotic uncorrelatedness between the two time dimensions implied by

(34), which makes statistical tests on the equality of parameters for the two di�erent time

dimensions feasible.

Notwithstanding the previous elaborations, when �tting a Semi-SFARIMA model in

practice, the LSE is not applied directly to a realization of τa,b but instead to residuals

τ̂a,b = ya,b− m̂(x1,a, x2,b)− ĝa(x2,b) after preliminary steps, in which the smooth surface m

and the intraday curves ga in (1) are estimated via local polynomial smoothing techniques

following the descriptions in Section 3.1. Beran and Feng (2002a) found for univariate

SEMIFAR models that the e�ect of the errors in local linear or local cubic estimators on

the subsequent estimators for the parametric part of the model is asymptotically negli-

gible, as long as a bandwidth of the optimal order is considered. We assume, given that

bandwidths are selected either manually for the surface or automatically for the intraday

curves in our applications in Section 7, that approximately such optimal-order bandwidths

are selected and that the result from Beran and Feng (2002a) can also be extended to the

spatial case, so that the e�ect of the error in m̂(x1,a, x2,b) on δ̂ is asymptotically negligible

in our case and that moreover the �ndings on the asymptotic behavior of δ̂ stated in

Beran et al. (2009) also hold here.

4 Estimation method for spatial seasonality

Assume that m in (1) is a spatial seasonal component with seasonal period s1 regarding

the �rst time dimension and seasonal period s2 in the second time dimension. For the

sake of simpli�ed notation, we assume that n1 = s1×m1 and n2 = s2×m2, m1,m2 ∈ N+,

are integer multiples of s1 and s2, however, the following ideas can also be easily adapted

to scenarios, where this is not the case. The time points (a, b), a = 1, . . . , n1 and b =

1, . . . , n2, of ya,b in Model (2) are originally located on a grid A = {1, . . . , n1}×{1, . . . , n2},
which can be divided into N = n/(s1s2) = m1 ×m2 adjacent and non-overlapping sub-

grids of equal size s1 × s2, here denoted by Ai,j, i = 1, . . . ,m1 and j = 1, . . . ,m2, where

13



Ai,j ⊆ A ∀i = 1, . . . ,m1 and j = 1, . . . ,m2 and where

Ai,j = {(a, b) : (i− 1)s1 + 1 ≤ a ≤ is1, (j − 1)s2 + 1 ≤ b ≤ js2} . (42)

Given the previous setting, we can, for each subperiod (i, j), de�ne a submodel of (1)

stated as

y
[i,j]
a,b = m[i,j](x∗1,a, x

∗
2,b) + g[i,j]a (x2,b) + τ

[i,j]
a,b , (a, b) ∈ Ai,j, (43)

where [i, j], i = 1, . . . ,m1 and j = 1, . . . ,m2, is an indicator of the subperiod. Moreover,

x∗1,a = a/s1 and x
∗
2,b = b/s2. We propose to estimate the seasonality surfacem[i,j](x∗1,a, x

∗
2,b)

in each subperiod based on Model (43), separately, using LP-DCS as discussed in Section

3.1. Denote the corresponding estimated surface in subperiod [i, j] by m̃[i,j](x∗1,a, x
∗
2,b).

In the following, two approaches to obtain the complete estimated seasonality surface

m̂(x1,a, x2,b) for Model (1) are suggested.

The �rst proposal is based on di�erent sets of bandwidths (h1,(i,j), h2,(i,j)) for each sub-

period (i, j). Following this idea, m̃[i,j](x∗1,a, x
∗
2,b), as the estimated seasonality surface

using LP-DCS in subperiod [i, j], is obtained in each subperiod using a (potentially)

di�erent set of manually selected bandwidths. Noting that each pair (a, b) exists only

once in the collection of subperiods (Ai,j)i=1,...,m1, j=1,...,m2
, we consequently consider

m̂(x1,a, x2,b) = m̃[i,j](x∗1,a, x
∗
2,b), (i, j) = elem ({(u, v) ∈M : (a, b) ∈ Au,v}) , (44)

whereM = {1, . . . ,m1}×{1, . . . ,m2} and elem(·) extracts the element of a single-element
set, as the overall seasonality surface estimates. This method is denoted byM1. Since re-

sults by M1 are considered directly without further ensembling, common results regarding

bias and variance for LP-DCS are una�ected at all estimation time points.

Secondly, consider the same set of bandwidths (h1, h2) throughout and obtain the quan-

tities m̃[i,j](x∗1,a, x
∗
2,b) using this set of bandwidths based on Equation (43) using LP-DCS

as discussed in Section 3.1 for each of the N sub-models. Then,

m̂(x1,a, x2,b) = N−1

m1∑
i=1

m2∑
j=1

m̃[i,j](x∗1,a∗(a,i), x
∗
2,b∗(b,j)), (a, b) ∈ A, (45)

where a∗(a, i) = (i−1)s1+[(a−1) mod s1]+1 and b∗(b, j) = (j−1)s2+[(b−1) mod s2]+1.

Equation (45) describes that for m̂ on each subgrid Ai,j an estimated average surface

obtained from averaging over m̃[i,j] over all time gridsAi,j, i = 1, . . . ,m1 and j = 1, . . . ,m2,
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is repeated. This method will be called M2 throughout this article. Since m̂ obtained

by this method is simply an arithmetic mean of multiple LP-DCS estimators (with the

same settings) using the same set of bandwidths, the asymptotic bias (26) of m̂ remains

una�ected. The asymptotic variance is left open for further investigation.

When applying M2, we may encounter various problems due to the number of obser-

vations per sub-period not always being equal under certain circumstances. First and

foremost, when we consider the seasonal cycle, for example a yearly pattern, that unfolds

in an interday time dimension, there will be leap years with an additional day every fourth

year. In such scenarios, we suggest to drop the additional observations at �rst from the

leap year sub-periods and to continue as proposed in M2. Subsequently, for the leap

years, if c represents the time point of the 29th of February of some leap year in the

interday dimension, simply consider

m̂(x1,c, x2,b) = m̂(x1,c−1, x2,b). (46)

Once the the seasonality surface m(x1,a, x2,b) has been estimated following either M1 or

M2, the residuals r̂a,b = ya,b−m̂(x1,a, x2,b) can be further decomposed as will be discussed

in Section 5. In practice, to estimate the smoothed surfaces m̂ we utilize the DCSmooth

package in R for the DCS method, as discussed earlier in Section 3.1. The bandwidths

for each of the N subperiods are manually selected with the most appropriate values for

each year, ensuring satisfactory results for subsequent residual analysis.

5 Estimation method for intraday curves

In order to estimate the collection of intraday curves (ga(·)), a = 1, . . . , n1, we propose

to use one-dimensional local polynomial smoothing similarly as discussed through the

problems stated in Equations (12) to (17) to the observations whose seasonality surface

has previously been removed through the estimation techniques described in Section 4.

This series is denoted by (r̂a,b) in accordance with Model (2). Since the intraday curves

are random and can behave quite di�erently even from day to day, we suggest to treat

each day individually using an automated framework. Automated (one-dimensional) local

polynomial regression under autocorrelated errors is well studied in Letmathe et al. (2024)

under FARIMA errors and in Feng et al. (2020) generally under short-memory errors.
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Since we allow long memory in our spatial residuals, the algorithm by Letmathe et al.

(2024) could be preferable, however, in our particular scenario we do not �nd any evidence

for long memory in the intraday dimension, as will be discussed in Section 7, which makes

the algorithm by Feng et al. (2020) a suitable choice.

An option could be to estimate each intraday curve ga(·) using a bandwidth ĥa estimated
particularly for day a. In such a case, each intraday series could potentially be smoothed

using a di�erent bandwidth. However, this approach is quite time-consuming, if there is

data available for thousands of days. Moreover, we �nd that the estimated bandwidths

usually do not di�er strongly in our applications, which is why we propose instead to

select a large enough number K ∈ N of days, K ≤ n1, for example K = 100, randomly

(while setting a seed in standard statistical software for reproducibility). Given the set of

randomly selected days D ≡ {a1, a2, . . . , aK} ⊆ {1, 2, . . . , n1}, estimate a bandwidth ĥai ,

i = 1, . . . , K, for each of these days from the corresponding intraday curve. Then smooth

each day a = 1, . . . , n1 using the average bandwidth ĥave = K−1
∑K

i=1 ĥai to obtain the

set of estimated intraday curves (ĝa(·)).

Once ĥave has been identi�ed, one may implement a fast matrix algorithm to obtain

the set of estimated ga(·), i.e. (ĝa(·)) with a = 1, . . . , n1, in analogy to De�nition 3.2

in (Schäfer, 2021b). De�ne bw = [n2 × ĥave + 0.5] as the estimated absolute bandwidth,

where [·] is the integer part, and

rleft,a = (r̂a,1 r̂a,2 . . . r̂a,2bw+1)
T (47)

is the (2bw +1)× 1 vector containing the previously obtained (r̂a,b) needed for smoothing

at a left boundary point on day a only. Then Rleft = (rleft,1
... rleft,2

... . . .
... rleft,n1)

T is

a n1 × (2bw + 1) matrix. Moreover, de�ne wb as the (2bw + 1) × 1 vector with realized

weights for smoothing (following one-dimensional local polynomial regression) at time

point b (unrequired weights, for example for smoothing at boundary points, are to be

replaced by zero), i.e. it is the result of κk!ι
T
κk+1

(
XT

kWXk

)−1
XT

k from Equation (21) in

the analogous context of univariate local polynomial regression at a boundary point, and

Wleft = (w1
... w2

... . . .
... wbw). Consequently,

Gleft = RleftWleft (48)

is a simple matrix solution to obtain the smoothed curves at left boundary points. Analo-

gous thoughts hold for the right boundary points, for which we consider Gright to contain
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the estimated intraday curves at the right boundary points. At interior points, de�ne win

as the (2bw + 1)× 1 weighting vector for an interior point in accordance with b̂ave. Let

ra,b = (r̂a,b−bw r̂a,b−bw+1 . . . r̂a,b+bw)
T, b ∈ {bw + 1, bw + 2, . . . , n2 − bw}, (49)

be the vector with consecutive r̂a,b on any �xed day a, where b is an interior point. Then

Rb = (r1,b
... r2,b

... · · · ... rn1,b)
T and consequently

Gb = Rbwin (50)

is a n1 × 1 vector containing the estimates of ga(x2,b) at time point b over all days a.

Equation (50) is to be computed for all b ∈ {bw + 1, bw + 2, . . . , n2 − bw}, separately.
Gin = (Gbw+1

... Gbw+2
... . . .

... Gn2−bw) then contains the estimated intraday curves for all

interior points. Thus, G = (Gleft

... Gin

... Gright) contains all elements of the estimated

intraday curves. If ĝa(x2,b) = [G]ab, where [G]ab is the element in row a and column

b of matrix G, is the estimated value of the intraday curve at time b on day a, then

τ̂a,b = r̂a,b − ĝa(x2,b) is the residual from the seasonality surface smoothing adjusted for

the estimated intraday curve. (τ̂a,b), a = 1, . . . , n1, b = 1, . . . , n2, is in our analyses

assumed to be approximately stationary, so that they may be further studied through

parametric approaches such as SFARIMA models.

We �nd that some of the intraday curves can behave erratically. As a countermeasure,

we suggest to estimate the intraday curves using local cubic regression, which adapts

better to drastic shifts in short amounts of time. A discussion of the existence of intra-

day curves and the empirical justi�cation of the aforementioned approach is derived by

empirical analysis of our example data in Section 7.

6 Imputation technique for spatial time series

The estimation method examined from the previous section presumes the availability of

complete data. This should be a crucial factor for modeling and forecasting any time series.

Nonetheless, in the �eld of environment in general (air temperature in particular and in

our applied examples), where missing observations are common, there should be clarity

about how the actual data are derived and how missing values are handled. To tackle

this problem, there are several ways to deal with this situation as outlined in existing
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literature. This process is commonly referred to as "imputation". In practical terms,

there exist di�erent techniques for imputing missing values for one-dimensional, univariate

time series, which is why, for the imputation step only, we treat our example series in

Section 7 as collections of such series for the various observation days instead of spatial

ones. It is known that climatic data are generally characterized by properties such as

autocorrelation between time lags, seasonality, periodic cycles and the homogeneity e�ect

over geographical areas. These characteristics could be useful information for developing

imputation modelling schemes to �ll the periods of missingness (Moritz et al., 2015;

Moritz and Bartz-Beielstein, 2017; Yamoah et al., 2020). As outlined in the research

introduced by Rubin (1976), missing data are commonly classi�ed into three categories:

missing completely at random (MCAR), missing at random (MAR) and missing not at

random (MNAR). It is important to highlight that missing values in air temperature in

our scenarios typically adhere to the MAR mechanism. It is simply because that climate

variables, speci�cally air temperature, are generally correlated with other variables, such

as humidity, wind speed, cloud coverage levels, solar radiation, etc. and in instances where

weather stations collect multiple climatic conditions, imputations for missing values in

one missing variable can be inferred from the other observed variables. Most imputation

methods assume MCAR and MAR because their missing data mechanisms are said to

be ignorable, implying that the imputation modelling does not require special models for

the cause of missingness and the likely values for the gaps (Rubin, 1976; Moritz et al.,

2015). However, it is still sensible to estimate missing value information in our examples

by employing at least one modeling technique. Thanks to the fact that the ratio of missing

values in the applied examples are almost close to 0.03% in the whole time series, hence

making a seemingly complicated imputation method unnecessary. For simplicity, the

paper only focuses on considering one of the appropriate treatments of missingness. This

method is selected from three common approaches: mean imputation, last observation

carried forward (LOCF) and ARIMA model �tting combined with Kalman smoothing.

Let yt be the observed (univariate, one-dimensional) time series with t ∈ T ∗ with

T ∗ = {t1, t2, . . . , tn∗} being the set of available observation time points. Note that t1

to tn∗ are all positive integers with 1 ≤ t1 < t2 < · · · < tn∗ ≤ n. By conclusion, the

time points with actually available observations are not necessarily equidistant. On the

contrary, the full set of observation time points, including those for which observations

are missing, is denoted by T = {1, 2, . . . , n} so that T ∗ ⊆ T . Since |T ∗| = n∗ and |T | = n,
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we conclude m = n− n∗ to be the number of missing observations. The �rst imputation

approach considered, i.e. mean imputation, estimates the missing observations by

ŷt = (n∗)−1
n∗∑
i=1

yti , ∀t ∈ {T\T ∗} , (51)

while by the second approach, LOCF, we have

ŷt = yt−k, k = min ({x ∈ N+ : (t− x) ∈ T ∗}) , ∀t ∈ {T\T ∗} . (52)

The most sophisticated time series imputation technique considered here is based on es-

timating univariate ARIMA models, i.e. an adaptation of Model (3), where d2 = p2 =

q2 = 0 with n2 = 1 and d1 ∈ N0, and thus reducing the model to a one-dimensional

short-memory case. To account for missing observations, the estimation is conducted

via QMLE following the model's state space representation. The imputations are subse-

quently obtained through Kalman smoothing (see e.g. Chapter 4 in Durbin and Koopman,

2012). Since spatial time series, also arranged as univariate time series, usually have huge

numbers of observations and due to the fact that common estimation techniques such as

QMLE exhibit enormous computation times under large numbers of observations, we pro-

pose to split the data yt into R suitable smaller univariate time series
(
y
[i]
t

)
, i = 1, . . . , R,

of equal length n (also counting the missing observations) and with actual number of avail-

able observations n∗
i , correspondingly, where t = (i−1)n+1, . . . , in, for example into time

series for each day, and to apply the imputation technique to each subseries. Using the R

package imputeTS (Moritz and Bartz-Beielstein, 2017) and the function na_kalman() with

the option model = "auto.arima" the third imputation approach can be implemented.

Upon evaluating various plots generated from these methods for the actual missing

values in our example datasets, it was determined that employing the last mentioned

ARIMA model �tting and Kalman smoothing method via na_kalman() (Moritz and Bartz-

Beielstein, 2017) is the most appropriate approach. This conclusion is supported by several

reasons: the missing values across the entire observation period are exceedingly minimal

and their time points exhibit no systematic pattern. They are neither continuous over a

substantial range of timestamps nor concentrated during typical times of the day across

consecutive days. This decision is also supported by Moritz and Bartz-Beielstein (2017),

who recommend using Kalman smoothing for imputation under more complex time series.

In several instances, they demonstrated that the Kalman �lter, however based on a general
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basic structural model instead of an explicit ARIMA form, yields more realistic imputation

results (Moritz and Bartz-Beielstein, 2017) in comparison to other methods, for example

using LOCF or mean imputation. Kalman smoothing also leads to reasonable results

for our series as observable in Figure 1. Due to this fact and because the seemingly

reasonable imputation results by na_kalman() for the relatively few missing observations

are not expected to have a signi�cant impact on the further Semi-SFARIMA estimation

steps, we consider Kalman smoothing via na_kalman() throughout for imputation.

7 Application

7.1 Collection and preparation of the data

To illustrate the concept of identifying long-range dependence within observations on

spatial surfaces and estimating them, environmental datasets are employed. This choice

is primarily made because such datasets are typically accessible online at no cost. Since

environmental data often exhibit missing values over extended periods with a large number

of observations, ensuring the reliability of subsequent empirical �ndings is crucial. To

achieve this, the selection of available data focuses on stations with minimal missing

values. The dataset subjected to the proposed algorithm comprises two high-frequency

environmental time series: air (average) temperature at the Yuma (Arizona) and Murphy

(Idaho) station in the US. These variables are measured in Celsius degrees at 5-minute

intervals from January 1, 2015, to December 31, 2020. The series are sourced directly

from the National Oceanic and Atmospheric Administration (NOAA) website. This is

an o�cial website of the United State government, where environmental data, products,

and services covering the depths of the ocean to the surface of the sun to drive resilience,

prosperity, and equity for current and future generations are provided. The NCEI archive

and backup copy contains more than 60 petabytes of data and is considered as one of the

reliable websites for environmental data. In both datasets, there are consistent 5-minute

observations throughout the day, totaling 288 observations daily, recorded from 00:00 to

23:55. Yuma's air temperature dataset comprises 631,296 observations, accounting for two

leap years (2016 and 2020), which include the additional day February 29. This dataset has

231 missing values out of 631,296 observations, exhibits a minimal 0.04% missing ratio.
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Likewise, Murphy's dataset on air temperature exhibits slightly fewer missing values,

amounting to 206 instances, equating to a 0.03% missing rate. Both series are displayed

Figure 1: Illustration of imputation examples at Yuma and Murphy.

as univariate time series in Figures 1(a) and (c), respectively. Through this illustration,

the yearly repeating pattern in air temperature is highlighted. Further details on the daily

pattern cannot be derived from this representation, as those changes are too miniscule

in order to be visible in Figures 1(a) and (c). Nonetheless, spatial representations of the

(imputed) series are represented in Figures 3(a) and 4(a), from which the common pattern

of air temperatures over the course of a day becomes more apparent.

Furthermore, Tables 1 and 2 summarize missing values at Yuma and Murphy stations,

organized by month and year, respectively. Note that the largest sequence of missing

values is in both series of length 36, which amounts to roughly three consecutive hours.

To adress the missing observations, the imputation method described in Section 6 is

applied to both datasets. Figures 1(b) and (d) illustrate the two selected examples of
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Table 1: Missing values (NA) at Yuma station sorted by month-year.

Row Subset Month-Year No.of NA

22286 - 22321 subset1 Mar - 2015 36

69301 subset2 Aug - 2015 1

131150 - 131185 subset3 Mar - 2016 36

210364 - 210366 subset4 Dec - 2016 2

225628 - 226453 subset5 Feb - 2017 3

228395 - 236017 subset6 Mar - 2017 56

271534 subset7 Jul - 2017 1

338510 - 338557 subset8 Mar-2018 48

445646 - 445693 subset9 Mar-2019 48

Table 2: Missing values (NA) at Murphy station sorted by month-year.

Row Subset Month-Year No.of NA

10117 subset 1 Feb - 2015 1

79010 - 79045 subset 2 Oct - 2015 36

96370 subset 3 Dec - 2015 1

107005 - 107014 subset 4 Jan - 2016 5

117049 subset 5 Feb - 2016 1

176150 - 176185 subset 6 Sep - 2016 36

282662 - 282697 subset 7 Sep - 2017 36

369248 subset 8 Jul- 2018 1

381230 - 384097 subset 9 Aug - 2018 37

467570 - 467617 subset 10 Jun - 2019 48

492391 subset 11 Sep - 2019 1

591324 subset 12 Aug - 2020 1

606589 subset 13 Oct - 2020 1

614577 subset 14 Nov - 2020 1
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the imputation. In Figure 1(b), the imputation in the Yuma series on March 31, 2026, is

displayed, whereas in Figure 1(d), the imputation results on October 02, 2026, are shown

for the Murphy series. In both cases, 36 consecutive missing values were being replaced.

Figures 1(b) and (d) support that the considered imputation works as intended: the

red lines connect the observed parts of the series in a reasonable way and also exhibit a

certain level of smoothness. Consequently, we continue forward under consideration of

the obtained imputed series.

7.2 Model estimation

7.2.1 Air temperature at Yuma station

For the Yuma dataset, we estimate the Semi-SFARIMA following an initial estimation of

the spatial seasonality following methodM1 as presented in Section 4, i.e. a di�erent set of

bandwidths is employed for each year of data. The manually chosen bandwidths according

to this method for smoothing the temperature surface at Yuma station is summarized in

the Table 3. For h1, for the interday dimension, the bandwidths all lie on the interval

Table 3: The chosen bandwidths for smoothing temperature surface at Yuma.

Year h1 h2

2015 0.1124 0.1451

2016 0.1124 0.1272

2017 0.1231 0.1415

2018 0.1130 0.1377

2019 0.1157 0.1448

2020 0.1083 0.1325

from 0.0854 to 0.1039, while for h2, for the intraday dimension, they lie between 0.0883

and 0.0967. Hence, the bandwidths do not di�er noticeably between the yearly subsets.

As previously noted regarding the cyclical patterns, since there is no identi�ed trend

stationarity in this context, applying a smoothing surface across the entire period (i.e., six

years) is not feasible. This leads to the persistence of cyclical structures in the residuals.

On the contrary, when employing DCS for each year independently, the seasonal cycles
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Figure 2: An illustration of selected consecutive intraday and interday residual series.

The intraday residuals are shown alongside individually �tted curves.

identi�ed previously do not persist in the residuals, resulting in a greater degree of stability

across the entire series, as shown in Figure 3(d). As an example, the estimated seasonal

surface for the year 2015 is displayed in Figure 3(c). It captures the expected patterns, i.e.

a drop in temperature in the early morning hours, followed by an increase in temperature

until noon or the early afternoon, and then ending in a reduction in temperature for the

rest of the day for the intraday dimension, and a change in temperature in accordance with

the natural seasons in the interday dimension. As observed in Figure 3(d), the seasonal

patterns atop each year are absent in the residuals.

However, as can be deduced from Figure 3(a), the obtained residuals cannot be consid-

ered to be roughly stationary. While slices of interday residuals as shown in Figure 2(b)

appear to be roughly stationary, sliced intraday residuals admit nonstationary behavior
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(a) Original observations (2015-2020) (b) Original observations (2015)

(c) Smoothed surface (2015) (d) Residuals (2015-2020)

(e) Intraday curves (2015-2020) (f) Adjusted residuals (2015-2020)

Figure 3: Some �gures illustrating empirical results at Yuma station (2015-2020).
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that also varies strongly from day to day as shown in Figure 2(a). This behavior warrants

the estimation of individual intraday curves as described in Section 5.

For this purpose, we consider the algorithm by Feng et al. (2020) under consideration of

local cubic regression and apply it to 100 randomly selected intraday series of the Yuma

spatial series, from which the estimated seasonality surface has been removed beforehand.

The resulting estimated average bandwidth is ĥave = 0.1357, which is subsequently used

in local cubic regressions for all of the intraday series. For the selected examples of in-

traday residuals in Figure 2(a), the corresponding estimated curves are shown as well.

They seem to capture the intraday movements suitably. In Figure 3(e), the collection of

estimated intraday curves is displayed, whereas the spatial series adjusted for intraday

curves is illustrated in Figure 3(f). A direct comparison between Figures 3(d) and 3(f)

shows that the newly obtained residuals appear to be more stable than the observations

solely adjusted for seasonality. Nonetheless, Figure 3(f) shows that the level of variation

in the residuals is stronger during the night than during the day throughout. Notwith-

standing that this phenomenon could be modelled through approaches that account for

heteroskedasticity, further discussion on this topic is omitted here.

Now that the residuals in Figure 3(f) are available, we can �t a spatial FARIMA to

them. The results of the estimated parameters for the spatial FARIMA(1, 1)(1, 1) for

Yuma's dataset is summarized in Table 4. Firstly, it can be observed that d̂2 = 0, i.e.

we are unable to �nd long memory in the intraday dimension, while d̂1 = 0.1584, which

indicates mild long-range dependence in the interday dimension. Secondly, the estimates

ϕ̂1 = 0.4748 and ϕ̂2 = 0.7029 show a positive AR-coe�cient in each dimension, with

the coe�cient being clearly larger for the intraday dimension. Thirdly, the estimated

MA-parameter in the interday dimension θ̂1 = −0.6087 is moderately negative, whereas

θ̂2 = 0.0413 is weakly positive. Additionally, the (asymptotically valid) standard errors

of the estimated parameters are calculated using the formula proposed by Beran et al.

(2009), which are also shown in Table 4. The standard errors are all quite small, indicating

statistical signi�cance at common signi�cance levels for all parameters except d̂2 due to

d̂2 = 0. Moreover, the estimated e�ect of θ2 is quite close to 0 in magnitude and therefore

possibly negligible.
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Table 4: The estimated SFARIMA(1, 1)(1, 1) parameters for the Yuma residuals.

Parameter ϕ1 ϕ2 d1 d2 θ1 θ2 σ

Estimated value 0.4748 0.7029 0.1584 0 -0.6087 0.0413 0.3077

Standard error 0.0024 0.0013 0.0013 0.0016 0.0026 0.0008

7.2.2 Air temperature at Murphy station

In contrast, for analyzing Murphy's dataset the estimation method M2 is utilized. Ac-

cording to the methodology outlined in Section 4, a breakdown is as follows: �rstly, the

smoothing surface for each year is executed in the usual manner, with consistent band-

widths chosen for every year (h1 = 0.0725 and h2 = 0.1075). Subsequently, the mean

smoothed surface for the six-year period is computed by amalgamating these smoothed

matrices into a comprehensive six-year matrix, excluding the smoothed values for Febru-

ary 29 in the years 2016 and 2020. The residuals for each year are then manually derived

by deducting the mean smoothed surface (obtained in the preceding step) from the orig-

inal observations. For the leap years 2016 and 2020, the values of the average smoothed

surface for February 28 are duplicated for February 29 to maintain consistency with the

number of observation in the original dataset. The reasoning behind this decision is that

it is expected that the values of the surface do not change drastically within a day and

should be roughly identical between February 28 and February 29.

The average surface (for a year with 365 days) is illustrated in Figure 4(c). We can

observe similar patterns as for the Yuma surface of year 2015 discussed in the previous

subsection. Subsequently, the residual plot resulting from this proposed procedure is

depicted under Figure 4(d). Analogously to the residuals obtained for the Yuma series,

the residuals for the Murphy series still show notabole peaks and drops caused by random

intraday e�ects, while the interday residuals are approximately stationary. A plot of

selected intraday and interday residual series for the Murphy data is omitted here. As a

consequence, an estimation of intraday curves is employed with (one-dimensional) local

cubic regression, where a random selection of 100 intraday series results in ĥave = 0.1334

following the average of the bandwidths selected by Feng et al. (2020). The collection

of estimated intraday curves is shown in Figure 4(e), while the corresponding residuals

are being depicted in Figure 4(f). The residuals are now approximately stationary and
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(a) Original observations (2015-2020) (b) Original observations (2015)

(c) Smoothed surface (average) (d) Residuals (2015-2020)

(e) Intraday curves (2015-2020) (f) Adjusted residuals (2015-2020)

Figure 4: Some �gures illustrating empirical results at Murphy station (2015-2020).
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Table 5: The estimated SFARIMA(1, 1)(1, 1) parameters for the Murphy residuals.

Parameter ϕ1 ϕ2 d1 d2 θ1 θ2 σ

Estimated value 0.4542 0.6544 0.0960 0 -0.5344 0.1247 0.4666

Standard error 0.0045 0.0013 0.0012 0.0014 0.0048 0.0007

do, in comparison to the Yuma residuals in Figure 3(f), not show any visible signs of

heteroskedasticity.

Lastly, the ultimate phase entails modeling the residuals using a spatial FARIMA(1, 1)

(1, 1) model. The estimated parameters, again, are summarized in Table 5 below. We

have d̂1 = 0.0960 and d̂2 = 0, which indicates once again an absence of long memory in

the intraday dimension and a mild long-range dependence in the interday dimension. Yet

again, the two AR parameters ϕ̂1 = 0.4542 and ϕ̂2 = 0.6544 are positive, with the intraday

AR-parameter being larger than the one for the interday dimension. θ̂1 is moderately

negative and θ̂2 = 0.1247 weakly positive. The obtained (asymptotically valid) standard

errors also visible in Table 5 lead to the conclusion that all estimated parameters are

statistically signi�cant with the exception of d̂2.

7.3 Findings

The proposed methods M1 and M2 result in suitable estimated seasonal surfaces as

shown in context of the Yuma and Murphy time series. They manage to acertain that the

dual-seasonal pattern in the combined interday and intraday dimensions is captured well

enough in analogy to expectations regarding the course of temperature over the course of

a day and of a year. The proposed method to identify the random intraday curves present

in the data works well on the surface-adjusted data, so that the resulting residual series are

approximately stationary and therefore suitable for further analysis via parametric spatial

time series models. While both methods M1 and M2 give in fact similar results, method

M1 should generally be preferred, as the idea of a change in seasonal pattern over the

years is more realistic than a �xed, yearly repeating spatial seasonal pattern. If, however,

an exactly periodic pattern is to be expected, method M2 will surely provide more reliable

results. In the given scenarios, both approaches resulted in suitable estimates.
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On a further note, we are generally unable to �nd long memory in the intraday dimen-

sion of the analyzed temperature series, whereas there is in both cases mild long memory

in the interday dimension. Under consideration of (41), further hypothesis tests on the

equality of corresponding parameters of the two dimensions, i.e. of d1 = d2, ϕ1 = ϕ2 and

θ1 = θ2, lead for both example series in each case to a p-value of approximately zero, indi-

cating that a spatial model could be more preferable than a simple univariate model due

to di�erences in dependency structure for both dimensions. That aside, generally, even

though two di�erent estimation methods were used for the Yuma and Murphy data re-

garding the seasonal surface, we �nd strong similarities in the �tted SFARIMA(1, 1)(1, 1)

models for both residual series. The AR-, MA-, and long-memory parameters are all quite

similar, even almost identical, between the two models, meaning that the air temperatures

in Yuma and Murphy follow similar patterns.

8 Concluding remarks

The discussed methods provide a �rst suggestion for handling two-dimensional seasonal

patterns and random intraday curves in spatial time series. The two methods for seasonal

patterns are (i) a year-wise smoothing of the surface using LP-DCS with varying sets of

bandwidths, where the resulting surfaces are considered for the respective years, and (ii)

a year-wise smoothing of the surface using LP-DCS with the same set of bandwidths,

from which an average surface is obtained that is the estimated seasonal surface for each

year. Thereafter, we used one-dimensional local cubic smoothing to identify individual

intraday curves. Subsequently, we �tted spatial long-memory time series models to the

(spatial) residual series resulting in clear signs of di�erences in the marginal models and

of the existence of long memory in at least some of the dimensions, making the SFARIMA

a favorable choice over common one-dimensional short-memory time series models.

Nonetheless, some aspects are left open for future research: since the observed example

series had missing values, an imputation technique for one-dimensional time series was

employed and it was assumed that, due to the small number of missing values, the e�ect

of the imputation was negligible. The development of imputation methods for spatial

time series, preferably under some long memory design, could lead to a theoretically more

justi�ed approach. In addition, the characteristics of the proposed estimation methods
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M1 and M2, which make use of the LP-DCS, need to be evaluated. Linked to this

is that we surmised that the asymptotic results of the LSE for a SFARIMA also hold

approximately, when considered not directly for observations but for residuals after a

preliminary surface (and intraday curves) estimation. While there are indications for

this to be true, actual proof of this is currently missing in existing literature. Moreover,

we found existing bandwidth selection algorithms for LP-DCS under spatial time series

with long memory to work worse than expected, assumingly due to the random intraday

curves, which led us to select bandwidths manually throughout. Further investigation

of such algorithms and possible improvements of them are therefore a necessity, which

could generate even more reliable empirical results. Further important research should

cover topics such as forecasting, i.e. point and interval forecasts (both under normal and

non-normal innovations), under a Semi-SFARIMA.
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