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Abstract

In this paper, an updated version of the R package smoots (smoothing time se-
ries) is introduced, which now includes functionalities for testing the linearity of
trend functions and the stationarity of time series, which follow an additive com-
ponent model, graphically and for forecasting as well as backtesting data-driven
Semi-ARMA models. At first, the ideas for these new methods are developed. Fur-
thermore, the Semi-Log-GARCH and the Semi-Log-ACD models are summarized as
important model variants. Subsequently, the package is applied to test the trend
functions in the monthly temperature changes of the Northern Hemisphere and the
US Log-GDP for linearity. Moreover, the stationarity of the daily DAX returns and
the VIX closing prices is assessed. Employing the smoots package, point forecasts
and respective forecasting intervals are obtained for a variety of fitted Semi-ARMA
models and backtests of these models are conducted. The forecasting quality of the

Semi-ARMA is also compared to that of other methods.
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1 Introduction

Within this paper, version 1.1.4 of the smoots package (smoothing time series, Feng et al.,
2021) and its added functionalities are introduced. For a detailed discussion of package
version 1.0.1 and its fundamental applications for data-driven local polynomial smoothing
of trend stationary time series with short-memory errors, we refer the reader to Feng et al.
(2020b) and the explanations therein. Further information on the TPT (iterative plug-in,
Gasser et al., 1991) algorithm within smoots can be found in Feng et al. (2020a). In the
updated package, three linearity tests for a time series’ trend function are implemented.
As will be shown, the first method can also be considered to conduct a stationarity
test. Moreover, following the preliminary work of Fritz et al. (2018), who propose a
method for calculating point predictions and respective prediction intervals with regard to
semiparametric extensions of autoregressive moving-average (Semi-ARMA) models with
Gaussian innovations, the updated smoots package has a built-in forecasting function for
fitted Semi-ARMA models. Nonetheless, since the assumption of Gaussianity is violated
in some cases (see e.g. Nelson and Granger, 1979, for a selection of non-normal economic
data), the package also provides bootstrapped forecasting intervals. Related research on
forecasting intervals for ARMA predictions can for example be found in Alonso et al.
(2002), who consider a sieve bootstrap by Biithlmann (1997). In both the Gaussian and
non-Gaussian case, we suggest to ignore the error in the predicted trend and to derive
the prediction intervals exclusively from the detrended series. As a third contribution,
the package includes functions, which allow for backtesting Semi-ARMA models using
one-step-ahead rolling forecasts with forecasting intervals and scaled forecasting accuracy

criteria (Hyndman and Koehler, 2006).

In Section 2, the general Semi-ARMA model with a nonparametric trend function will
be presented alongside the data-driven trend estimation algorithm by Feng et al. (2020a)
and some important model variants for financial econometrics. Furthermore, the linearity
and stationarity tests will be discussed in Section 3, while the forecasting and backtesting
techniques for Semi-ARMA models will be inspected in Section 4. A brief description of
the new functions of the smoots package will be given in Section 5, whereas the package
is applied to real data in Sections 6 and 7. Furthermore, also in Section 7, the forecasting

performance of the Semi-ARMA model is compared to that of other established models.



2 The Semi-ARMA model and its estimation

In Section 2.1, the Semi-ARMA model and a general fitting approach will be described,
while local polynomial regression and the general smoothing algorithm within the smoots
package will be discussed briefly in Section 2.2. Moreover, notable variants of the Semi-

ARMA model are the topic of Section 2.3.

2.1 The common Semi-ARMA model

Consider an observed time series y; and define the time index as ¢t = 1,2...,n with
n being the number of observations. Assume an additive component model for y; that
consists of a smooth nonparametric trend function m(z;), where x; = t/n is the rescaled
time on the interval [0, 1], and a zero mean stationary rest & with short-memory. The

model is formally given by
Yy = m(z) + & (1)
A Semi-ARMA model is defined by (1) and the additional assumption that the rest

term & follows an autoregressive-moving-average (ARMA) model with autoregressive and

moving-average orders p and g, respectively, i.e.,

P(B)& = 0(B)uy, (2)

where the innovations u; follow an independently and identically distributed (i.i.d.) white

2
u?

11D(0, 02). Moreover, ¢(B) =131, B'¢; and §(B) = Z?:o B0, are the characteristic
polynomials with 6; as well as ¢; being real valued coefficients and B being the backshift

operator so that for r =0,1,2,..., B"§ = & _, holds.

noise process with zero mean and constant variance o, which will be denoted by u; ~

A common procedure for model fitting consists of two separate estimation steps. At
first, the values of the nonparametric trend function are estimated. For this purpose, we
recommend the use of local polynomial regression (Ruppert and Wand, 1994; Cleveland
and Loader, 1996; Fan and Gijbels, 1996) in this paper. This method includes automatic
boundary correction (Fan and Gijbels, 1992; Hastie and Loader, 1993), which is an essen-
tial attribute of a nonparametric trend estimator in time series analysis, since it allows

for more suitable predictions. Secondly, we propose to regard the detrended series as a
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realization of an ARMA process and thus, well-established methods, e.g. QMLE (quasi

maximum likelihood estimation), can be applied to fit a parametric model to the residuals.

Different variants of the initial decomposition of the observed time series can be imple-
mented as well. Another common approach is the multiplicative decomposition of time
series. In this case, let y; > 0 be the observed time series and m*(z;) be the nonpara-

metric trend function and & the multiplicative error with £ (§;) = 1 in y, respectively.
Then

yi =m"(we) X & (3)
states the multiplicative component model. If we define y, = In(y;), m(z;) = In[m*(z,)] +

Ce and & = In(&) — C¢, where C¢ = E [In(&/)], the logarithm of the observed series can
be modeled according to a Semi-ARMA model (1) with (2).

2.2 Automatic trend estimation with local polynomials

The main smoothing method within smoots is local polynomial regression (Fan and Gi-
jbels, 1996), because the boundary problem in nonparametric smoothing approaches is
partially solved. The local polynomial estimator of the v-th derivative of m, m®), is
regarded within this paper. For this purpose, define p as the order of the polynomial
considered in the local regression. Let m be at least (p+ 1)-times differentiable at a point
rg € X with X = {z1,29,...,2,}. If v < pand if p — v is odd, solving the locally

weighted least squares problem

Q) =Z{yt—iwt—xo)ﬂ}QW(”jt;“) = min )

n
t=1

yields the local polynomial estimator of m®) at a point o with h being the bandwidth and
W being a weighting function on [—1, 1], often a second order kernel function. Following

this idea, ™) (20) = v3, is an estimator of m® (z).

To quantify the quality of the local polynomial estimator, the mean integrated squared
error (MISE)
dy
MISE(R) = [ B {0 a1) — m® ()]} da (5)
Cp
is commonly evaluated, where 0 < ¢, < d, < 1 are boundary cutoffs to reduce the effect

of the boundary within the bandwidth selection.
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Let K(,)(u) be the k-th order equivalent kernel that is realized for the estimation of
m) at an interior point with k = p 4 1. Following Feng et al. (2020a), the asymptotic
MISE (AMISE) of the local polynomial estimator is then given by

ImWIB2 o 2mep(dy — cp) R(K) :
Y2 — (6)

AMISE(h) = p**—v)

where ¢; = (2m) 23 E (&), I[mP)] = fcib[m(k)(:c)]de, B = f_ll uf K (u)du
and R(K) = f_ll K?(u)du. The asymptotically optimal bandwidth is then defined as

hy = Cyn~ /KD (7)

with 1/(2k+1)
2v+1 2mces (k) (dp — ) R(K)

=) Im®E, ' ®)

Cy=

Within the smoots package, a plug-in algorithm for automated bandwidth selection is
implemented. Since only ¢; and I[m®)] are unknown in (8), a selected bandwidth can
be acquired by inserting suitable estimates of these two quantities. As was stated by
Feng et al. (2020a), the existence of error correlation does not have an impact on I[m®)].
Therefore, approaches usually applied to independent error models will also yield a suit-
able estimate of I[m*)] in the case of dependent errors. For the estimation of ¢y, however,
a nonparametric lag-window estimator is applied following the idea of Feng et al. (2020a)
that corresponds to the algorithm by Bithlmann (1996) with minor adjustments. Given
a starting bandwidth Ay and a number of maximum iterations J, where j = 1,2,...,J
is the current iteration, ¢y is obtained from the detrended values following a bandwidth
CFhj_; with CF being a suitable correction factor as displayed in Table 1 in Feng and
Heiler (2009). Furthermore, an estimate of I[m*)] is computed from estimates m*) of

m®)

using a bandwidth hg; = hj_;, where « is a suitable inflation factor, and a local
polynomial of order k+ 1. Ultimately, ¢; and I[m™®] are inserted into (7) and the process
is repeated multiple times for the respectively subsequent iteration until either conver-
gence or the maximum number of iterations J is reached. A more detailed explanation
of the underlying algorithms, especially the algorithm for the data-driven estimation of

mM (x) and m® (x), which was omitted at this point, can be found in Feng et al. (2020a).



2.3 Some important variants

Both the Semi-ARMA model (1) with (2) described in Section 2.1 and the bandwidth
selection algorithm for local polynomial regression presented in Section 2.2 are also rele-
vant when modeling volatilites, durations or means on the financial market (see e.g. Feng
et al., 2020b). As shown by Feng et al. (2020b), a variety of models, most notably the
Semi-Log-GARCH (Feng et al., 2020b) and the Semi-Log-ACD (Forstinger, 2018; Feng
et al., 2020b) model, admit a Semi-ARMA representation. Therefore, in the following,
a brief summary of the Semi-Log-GARCH as well as the Semi-Log-ACD model will be
provided.

To model conditional volatility, Engle (1982) and Bollerslev (1986) introduced the
ARCH (autoregressive conditional heteroskedasticity) and GARCH (generalized ARCH)
models, respectively, of which the latter has gained many extensions during the past
decades. After the introduction of the Log-GARCH model (Pantula, 1986; Geweke, 1986;
Milhgj, 1987), it has been established that the model has an ARMA representation that
allows for consistent and asymptotically normal estimators of all parameters of the Log-
GARCH representation except for the volatility intercept (see e.g. Francq and Zakoian,
2006). It were then Sucarrat et al. (2016) who introduced a consistent and asymptotically
normal estimator of the volatility intercept via established ARMA estimation approaches.
In combination with the release of the smoots 1.0.1 package, Feng et al. (2020b) introduced
a semiparametric extension of the Log-GARCH model (Semi-Log-GARCH), which will
be described hereinafter. Let r; be the (demeaned) log-returns. The Semi-Log-GARCH
model is then defined by

e =\ v(z)e, €= \/h_mt with 7, ~ IID(0,1) and

P
In(h) =w+ > a;ln(ef,) + EQ: B;In(hy_;), ®)
i=1 j=1
where t = 1,2,...,n, E(e?) = 1, Pr(n, = 0) = 0, /v(x;) > 0 is a smooth nonparametric
(deterministic) scale function that represents the slowly changing unconditional standard
deviation and y/h; > 0 are the conditional standard deviations. Feng et al. (2020b)
show that the log-transformed series In(r?) = In[v(x;)] + e + In(€?) — e with gy =
E[In(e?)], corresponds to a Semi-ARMA model (1) and (2) with y, = In(r?), m(z;) =
In[v(z)] + e and & = In(€?) — e, where the & follow an ARMA(P*,Q) model with
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P* = max(P,Q). For P > (@ and using the data-driven local polynomial estimator
described in Section 2.2 and well-established ARMA estimation approaches, \/W can
be estimated consistently from the Semi-ARMA representation of a Semi-Log-GARCH
model (Feng et al., 2020b).

Define ¢(z) = 1 — S0 (o + 3i)2%, where oy = 0 for i > P and f; = 0 for i > Q,
and A(z) = 3.7 ;2" Following Francq and Zakoian (2019 p. 87), In(hy) = ¢+
S din(n?,) with ¢ = w/[1 — 20 (i + 8;)] and 3232, 6;2° = ¢7'(2)A(z) holds, if all
roots of ¢(z) lie outside of the unit circle. By defining p,(s) := E[(n?)?], the moments of
order 2m, m = 1,2, ..., can be stated by

E(&@™) = py(m)exp(me) [ p(md) (10)

i=1
as an extension of the general moments for Log-GARCH(1,1) processes provided by Su-
carrat et al. (2016) and the first and second order moments of squared Log-GARCH(P,Q)
processes mentioned by Francq and Zakoian (2019, p. 88). Under a conditional normal
distribution, E(eZ™) exists, if and only if §; > —1/(2m) for all i € N*. In contrast,
under a conditional ¢-distribution with d; degrees of freedom, E(e7™) exists, if and only
if —1/(2m) < §; < dy/(2m) for all i € N*. These moment conditions can be derived,
because the infinite sum in (10) converges under a conditional normal or a conditional
t-distribution due to In[u,(s)] = O(s) as s — 0 (Francq and Zakoian, 2019, p. 88).
Given (10) and since in a Semi-Log-GARCH, the parametric part is with Var(e;) = 1, we

conclude the following.

Proposition 1. Under consideration of the assumption Var(e;) = 1 and following the

definition of E(e?) in accordance with equation (10),

—In (H Mn@)) (1 — > (o + 5;‘)) (11)

j=1
has to be satisfied in a Semi-Log-GARCH model and thus, the log-volatility intercept w s

restrained by the coefficients a; and j3;.
Proof. Proof see appendix A.

Another important model with respect to the analysis of non-negative financial time

series is the ACD (autoregressive conditional duration, Engle and Russell, 1998) model,
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which admits a logarithmic extension (see the Type I model in Bauwens and Giot,
2000), called a Log-ACD, that corresponds to a squared Log-GARCH process. Moreover,
Forstinger (2018) provided the definition of and examples with applications to suitable
financial data for a semiparametric extension of the Log-ACD (Semi-Log-ACD) model.
The Semi-Log-ACD model is analogous to the previously described Semi-Log-GARCH
model. Define the observed values F; by F; = g(x;)\e;, where g(x;) > 0 is a nonpara-
metric mean function, A; > 0 are the conditional means and e; > 0 are i.i.d. innovations
that satisfy Pr(e; = 0) = 0 and E(e;) = 1. Moreover, E()\;) = 1 is assumed. Now F} is
equivalent to r?, g(z;) to v(z;), A\ to hy and e; to n? of the Semi-Log-GARCH model.

3 Graphical tools for testing stationarity and linearity

In this section, methods for testing a trend function for linearity or for testing the station-
arity of a time series will be introduced. First, asymptotically unbiased local polynomial
estimators and respective confidence bounds will be presented in Section 3.1. Subse-
quently, the exact methodology for conducting the linearity and stationarity tests will be

discussed in Section 3.2.

3.1 Asymptotically unbiased estimators and confidence bounds

For computing confidence bounds, an asymptotically (relatively) unbiased local polyno-
mial estimate m) of m® can be calculated with a bandwidth hy, = o[n=/ 1], whose
order of magnitude is smaller than that of the optimal bandwidth h4. The variance of
the local polynomial estimator is now the dominating part in the error in mfg}, while the

bias is asymptotically insignificant. Thus,
Vah2  [m® (z) — %) (2)] 3 N[0, 2mes R (x)] (12)

holds (Feng et al., 2019), where R*(x) is the constant R(K) at interior points and it
is adjusted correspondingly for x being a boundary point, which affects the equivalent
kernel and the integration domain. The asymptotic variance follows from the second line
of Equation (A.1) in the appendix of Beran and Feng (2002); the asymptotic normality is
for example discussed in Theorem 6.1 in Fan and Gijbels (1996) and will still hold under
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general short-memory errors due to the asymptotic variance only being affected, so that
the variance of the errors is being replaced by the sum of autocovariances of the error
process, while convergence rates and other factors remain fully unaffected for the estima-
tor. Since there is no rule for selecting Ay, we propose h = (hy)Z+1)/(2k) = OQ[p=1/(2k)]
as a reasonable choice with the bias in mfj{] achieving the parametric convergence rate
O(n~1/?). Consequently, for the trend m, we derive h = O(n~"/*) and h = O(n="/%) for a
local linear and a local cubic estimator, respectively. The use of a bandwidth of an even
smaller order is no longer necessary. Therefore, we suggest to calculate asymptotically un-
biased estimates and respective confidence intervals using hy, = (2)+D/(2F) - Similarly,
asymptotically unbiased estimates of m’ and m” and their confidence intervals can be
obtained under consideration of analogously adjusted bandwidths. Thus, fL‘fvub = (ﬁf)” 6
is a suitable adjustment for estimating m’, whereas h¢ , = (h4)*/® should be considered
in the estimation of m”. If the weights for conducting a local polynomial regression are
defined as w;;, where t describes the current time point, at which mfg} is computed,

and where ¢ indicates that the respective weight is assigned to the i-th observation, the

100a%-confidence interval for m®) is denoted by

n 1 n 1

(v o 2, o* 5
[mfﬂj(xt) —o(1-5) <2mf ;wﬁt) @) +o(1- ) (27rcf Zwit) ] . (13)
where ®(-) is the inverse standard normal cumulative distribution function and with
o = 1—a. The standard errors implemented using the realized weights are asymptotically

valid by plugging the relationship in Equation (3.6) in Beran and Feng (2002) into the
first line of their Equation (A.1). This result also holds analogously at boundary points.

3.2 The methodology

In accordance with Jones (2002), a linear trend function is an adequate starting point
in analyzing growth curves. In consequence, we propose the use of a linear trend as an
indicator for the trend’s suitability in different subperiods of a given time series. To test
the trend for linearity graphically, we suggest to consider the confidence bounds of the
asymptotically unbiased estimates of m) that were introduced in Section 3.1. We refer
to Hjellvik et al. (1998) as an example for related research on nonparametric tests of

linearity. As proposed by Fritz et al. (2019a),

Hy :y = Bo + Brxy + &, against Hy : “A linear trend is not suitable.”



are the null and alternative hypotheses Hy, and H; considered here, respectively. We
propose three approaches to test H, with the confidence bounds obtained for m®) for
v = 0,1, 2. Firstly, the confidence bounds in accordance with an unbiased local estimator
My, at given confidence level o can be computed under consideration of the bandwidth
adjustment proposed in Section 3.1. Note that both bias-corrected local linear or local
cubic estimates can be taken into account. Furthermore, a linear trend 7y, which is
unbiased and +/n-consistent under Hy, can be fitted to the data in contrast to the non-
parametric estimates and the corresponding confidence bounds. Displaying all results
together in a single figure allows for the graphical examination and the comparison of the
estimates. If mp, lies clearly outside the estimated confidence bounds at least at some
observation points, H, should be rejected at the significance level a* = 1 — «, because
the probability for that those phenomena can happen is asymptotically less than a*. As
an important indicator, the fitted linear regression provides an ideal benchmark of the
economic development, where usually log-linear growth theories are assumed; such a fig-
ure hence indicates where the economic development is beyond and where it is below an

average level of the growth path of advanced economies.

Secondly, under Hy, (1 is expected to be the constant first derivative of m, which is
why we propose to illustrate the confidence bounds of m’ together with the coefficient
B of the estimated linear trend 7ir,. Thirdly, since m” should be equal to zero, if Hy
holds, an asymptotically unbiased estimate of m”, m!, and the corresponding confidence
bounds can be depicted together with a horizontal line at level zero. For the second and
third test, respectively, if clearly more than 100a*% of the horizontal line is outside of
the confidence intervals, Hy should be rejected at the significance level a*. In addition
to the described tests, more information on the growth rate and the curvature of the
considered time series can be drawn from the results of the second and third linearity
test. Moreover, note that with the first linearity test the (trend-)stationarity of a time

series can be assessed when m,, and the correspondingly computed confidence intervals

of m are compared to the sample mean of the observations.

10



4 Semiparametric forecasting approaches

Since a parametric representation of the trend is not available when fitting Semi-ARMA
models, point forecasts of the trend cannot be computed as intuitively. Therefore, a
methodology for obtaining point predictions and corresponding forecasting intervals for
Semi-ARMA models will be presented in Section 4.1 for cases, in which the ARMA in-
novations are (approximately) Gaussian. In non-Gaussian cases, a bootstrapping method
as explained in Section 4.2 can be used to derive prediction intervals. A backtesting

approach for Semi-ARMA models is discussed in Section 4.3.

4.1 Point and interval forecasting under normal errors

We once more assume a given process to follow a Semi-ARMA model defined by equa-
tions (1) and (2). The forecast of y; for a time point n + 7 with 7 = 1,2,... is defined
as Un+-. Consequently, suitable forecasting approaches based on both the estimated non-
parametric trend function m(x;) and the corresponding residuals ft =y, — m(x¢) must be
implemented.
Define D as a dummy variable that is either equal to zero or to one. Fritz et al. (2018)
proposed

M(Tpir) = m(x,) + D X 7 X Am (14)

with Am = m(z,) —m(z,_1) as a forcasting approach for the nonparametric trend func-
tion. If D = 1, equation (14) represents a linear extrapolation, whereas for D = 0 the

forecasts are constant.

The best linear predictions in ARMA models are well-established (see e.g. Section 3.3
in Brockwell and Davis, 2016). Fritz et al. (2018) propose to obtain (approximately) best
linear predictions from an ARMA model fitted to &, because Feng and Zhou (2015) showed
that additional errors within the best linear predictions due to errors in the estimated
trend function are asymptotically negligible. Therefore, the (approximately) best linear

predicitions énJrk are given by
P Q
Entr = Z Pibntr—i + Z Hjan—i-T—ja (15)
i=1 j=1
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where §n+7,i are forecasted values, however for k — i < 0, they are replaced by the actual
values of the detrended series. Similarly, i,,—; are the fitted innovations for the training
set time points that are unkown and therefore replaced by E(u;) = 0 for 7 — 5 > 1. In
accordance with Fritz et al. (2018), the total point forecasts of a Semi-ARMA model are

then given by ¢+, = m(x,4r) + én+r-

The error in m(x,,) is omitted for simplicity as proposed by Fritz et al. (2018). This
is in analogy to Chapter 10.3 in Hyndman and Athanasopoulos (2021), where the authors
produce forecasting intervals conditional on the forecasted future predictor values. If
the process described in equation (2) is stationary, it admits an MA(co) representation
& = ooy ciug—; with ¢g = 1 and > ;7 |¢;| < co. An individual future observation derived
from this representation is then approximately given by &,., = énM + Z;_Ol Cillpyj—i
and consequently, the approximate variance of the prediction error &, ., — fn+7 is 62 =

o237 2 (see e.g. equation (3.3.19) in Brockwell and Davis, 2016).

As proposed by Fritz et al. (2018), under the normality assumption, i.e. u; ~ N(0,02),
suitable forecasting intervals for ¢, ., at the confidence level o can therefore be obtained

by considering only the error in é’t, ie.,
e — (1 — 0" /257, Gsr + B(1 — 0 /2)7] (16)

are the prediction intervals for ¢,,, where o = 1 —a and ®(7) is the (i x 100)%-quantile

of the standard normal distribution.

4.2 Bootstrapping the forecasting intervals

If the error term does not follow a Gaussian white noise or if the error distribution is
unknown, forecasting intervals can also be computed with use of standard statistical
software. An approach for the estimation of forecasting intervals via a forward bootstrap
in ARIMA processes was first introduced by Pascual et al. (2004). Pan and Politis (2016)
proposed a forward bootstrap for autoregressive time series models of order P, where
the bootstrapped point forecasts are obtained based on the original series rather than the
simulated data. Subsequently, Lu and Wang (2020) expanded the algorithm to ARMA(P,

() processes to obtain forecasting intervals for the future time point n + 1.
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The B-ARMARoots algorithm (Lu and Wang, 2020) is conducted under the assumption
that the orders P and @ of the underlying ARMA(P, @) process (2) are known. We
propose to expand the algorithm by Lu and Wang (2020) to multiple future time points
n+ 7 with 7 = 1,2,..., H. Moreover, for simplicity, we fit the ARMA models by MLE
only. Let n be the number of observations, & the observed series and s = 1,2,..., M the

number of iteration with M being the total number of iterations.

1. Estimate the coefficients 6; and ¢, of the underlying ARMA process. Obtain the
point forecasts §n+1,§n+2, e ,§n+H Furthermore, calculate the residuals u; and
define F), as the empirical distribution of the demeaned residuals. Set s = 1.

2. Draw a sample v  from F, and simulate a series &l 686 -+, &ns based on the
sampled residuals and the estimated values éj and él

3. Obtain the estimates é* and ¢3* for the simulated data and calculate the residual
series 4y from the original process & based on these coefficients.

4. Obtain the point forecasts an’S, 2 ,§n+H75 according to (15) using &, 4%,

é;s and (/3;*8 Calculate the future bootstrap observations & . under consideration

n—+r,s
of &, iy, gzgi, éj and H bootstrapped future innovations u;, and then compute the

forecasting error & — for each 7. Increase s by one.

n+Ts
5. Execute steps 2 to 4 a total of M times and obtain the empirical distributions of

& — &, for each 7 with their respective (a*/2)100%-quantiles being denoted by

q-(a*/2).

The forecasting intervals are now given by [Enir + g7 (@ /2), Ensr + ¢-(1 — ¥ /2)]. Since
the error in m(x,,) is omitted for simplicity, the bootstrapped forecasting intervals under

consideration of a Semi-ARMA model are given by

[gn-‘rr + QT(O‘*/Q)v gn-ﬁ-r + QT(l - a*/Q)]' (17>

4.3 Backtesting the results

Given a time series y; with t = 1,2,...,n, a common backtesting approach is to treat its
first ny, observations as the actual training data y, ;, and the final ny = n—mny, realizations
as the test set. Fitting models to the training data and obtaining one-step-ahead rolling

point forecasts Y, +1.trs Unet2,trs - - - » Unertnse,tr With corresponding forecasting intervals that
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can be compared to the actual test data is a viable method to assess the quality of a model.
For a given confidence level 0 < o < 1, we expect approximately ni(1 — «) of the test
observations to lie outside of the forecasting intervals. Commonly, ny. = 5 and a = 0.95
(or a = 0.99) are used and consequently, 0.25 observations are expected not to be covered
by the intervals. We therefore recommend that a model should be clearly rejected at
confidence levels a = 0.95 and a = 0.99, if one or more of the five test observations are

not between the forecasting bounds.

Hyndman and Koehler (2006) introduced the mean absolute scaled error (MASE) as a

scale-independent measure to quantify the goodness of fit of a model, which is defined by

1 s n T An 7, tr
MASE _ Z 1y tr+ o Y tr+7,6 : (18)
Te =1 | nee—1 =2 1Yt — yt71|

and also proposed the root mean squared scaled error (RMSSE), which was formally

denoted by Fritz et al. (2018) as

Nte

1 — 4 )2
RMSSE = | — Z (Yneetr = Ungetrir) (19)

1 Ntr _ 2°
T —— i (Yt — Ye-1)

The MASE corresponds to the mean absolute error (MAE), however, each absolute error
is scaled by the MAE of a naive forecasting approach applied to the training data. Thus,
a MASE that is less than one indicates a better forecasting performance in comparison to
the naive approach; more generally, a MASE as close as possible to zero is preferable. Since
the criterion is scale-independent, the MASE between different forecasting techniques and
also between different datasets is comparable. Further explanations with respect to the

RMSSE are omitted, because it can be interpreted similarly to the MASE.

To obtain suitable rolling point forecasts for Semi-ARMA models, we propose to assume
that the error in the trend forecasts is approximately negligible. Therefore, @; = y; — Yy 4
are treated as the true innovations u; and ét = y; — My (z;) as the true detrended se-
ries & for t = ny + 1Lng + 2,..., Ny + Nge.  Let éntﬁmr be the rolling point forecasts
obtained stepwisely following (15) under consideration of the detrended training obser-
vations ét for 7 — ¢ < 0 and the fitted training innovations u,; for 7 — 7 < 0, while
ét and u; are implemented for 7 — ¢ > 1 and 7 — j > 1, respectively. Consequently,
Ungetrtr = Mie(Tngtr) + émﬁmr are the total rolling point forecasts. Furthermore, note

that a forecasting interval for one-step ahead rolling forecasts needs to be computed only
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once for 7 = 1 in accordance with the approaches discussed in either Section 4.1 or
Section 4.2; for 7 = 2,3,...,ng, the forecasting interval obtained for g, +1 can be

recentered around Y, 41t

5 Implementation in the smoots package

The smoots package (smoothing time series, version 1.1.4, Feng et al., 2021) in R (see R
Core Team, 2021) consists of fourteen directly applicable functions, four S3 methods and
four datasets. The package allows for the data-driven estimation of nonparametric trend
functions or their derivatives in trend-stationary time series with short-memory errors by
means of local polynomial regression. With package version 1.1.4, further functions were
implemented for testing the linearity or constancy of trend functions, for forecasting and
for backtesting. Moreover, a selection of the built-in functions now uses compiled C+-+
code that is invoked by the Rcpp see Eddelbuettel and Frangois, 2011 and RcppArmadillo
see Eddelbuettel and Sanderson, 2014 packages for less computation time of the algo-
rithms. Since the data-driven estimation functions of the smoots package are discussed
in detail in Feng et al., 2020b and in the package’s manual, only a brief overview of the
newly introduced main functions confBounds (), modelCast() and rollCast() will be

given in the following.

The linearity or constancy of the (nonparametric) trend function in an additive com-
ponent model can now be tested graphically by applying the newly added function
confBounds (). By passing an object of class smoots that was generated by either
msmooth (), tsmooth() or dsmooth() to the argument obj, an (approximately) unbiased
estimate of the trend or its derivatives alongside the corresponding confidence bounds is
obtained. For plot = TRUE, a graphic of these series is created. For the trend, differ-
ent parametric regression lines can be selected to be shown alongside the trend and its
confidence bounds by the argument p, where 0, 1, 2, 3 are valid options that define the
order of polynomial of the parametric model. This behavior can be suppressed by setting
showPar = FALSE. For the first derivative, a horizontal line representing the slope of a
linear representation of the trend can be displayed or omitted, whereas a line at value
zero can be shown in the plot of the second derivative. Moreover, the argument alpha

represents the confidence level. A 95% confidence level is the default setting with alpha
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= 0.95. The last argument is rescale, which is only meaningful, if a plot of the first or
second derivative is created. For rescale = TRUE, all values in the plot are rescaled from

the interval [0,1] according to the scale of the x-axis.

modelCast () is the main forecasting function for Semi-ARMA models within smoots.
It requires the output of either msmooth() or tsmooth() as an input and returns point
forecasts as well as forecasting bounds. The arguments p and q of the function define
the orders of the ARMA model that will be fitted to the stationary part of the series.
If both arguments are set to NULL, the best ARMA(P, @) model for P,QQ = 0,1,...,5
following the Bayesian information criterion will be selected automatically. The forecast-
ing horizon can be set by the argument h. Furthermore, a linear (np.fcast = "lin")
and a constant (np.fcast = "const") extrapolation of the estimated trend are avail-
able options. To adjust the confidence level of the forecasting intervals, the argument
alpha, which specifies «, can be used, so that [(1 — «)100]% forecasting intervals will
be determined. Moreover, the bounds can be either bootstrapped (method = "boot") or
computed under the normality assumption (method = "norm"). Some additional argu-
ments can be adjusted, if in fact a bootstrap is applied to the data. Users can control the
total number of bootstrap iterations via the argument it, which is set to 10,000 itera-
tions by default. By means of the argument n.start, the number of ’burn-in’ observations
for the simulated ARMA processes within the bootstrap is determined. With pb set to
TRUE, a progress bar will be shown in the R console. Moreover, the bootstrap allows for
parallel computation by setting the argument cores to a number of processor cores to
use. modelCast() usually returns a matrix with the forecasting results. If a bootstrap
is applied, setting export.error = TRUE will return a list with the forecasting matrix
and another matrix with the bootstrapped predictions errors. The function rollCast ()
for backtesting Semi-ARMA models shares most of its arguments with modelCast () and
thus, most explanations can be skipped to avoid repetition. Nevertheless, the unknown
argument K describes the test data size at the end of a given time series and is usually set

to K = b.
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6 Application of linearity and stationarity tests

In the following, the three linearity tests proposed in Section 3 are applied to two dif-
ferent time series: the mean monthly temperature changes of the Northern Hemisphere
from 1880 to 2018 and the logarithm of the quarterly US-GDP from the first quarter of
1947 to the second quarter of 2019. Both datasets are included within the smoots pack-
age since version 1.0.1; the former was originally provided by the Goddard Institute for
Space Studies of the National Aeronautics and Space Administration, while the latter was
obtained from the Federal Reserve Bank of St. Louis. The fitting of Semi-ARMA(1,1)
models to these series is demonstrated in Feng et al. (2020b) under usage of the smoots

package to identify the nonparametric trend function and its derivatives.

In Figures 1(a), (b) and (c), the results of the three graphical tests for linearity for
the temperature changes data are illustrated. The red dashed line in each of the figures
corresponds to the estimated trend or its first or second derivative, respectively, accord-
ing to the asymptotically unbiased and normal nonparametric estimator, while the grey
and darker grey areas describe the 95%- and the extension to the 99%-confidence inter-
vals. With the solid black lines, the estimated trend and its derivatives are described
under consideration of the linearity assumption. To obtain the estimates, the function
confBounds () of the smoots package was called with the options p = 1 and with both
alpha = 0.95 and alpha = 0.99. As input objects obj, the output of the smoots func-
tions msmooth() with its default settings and dsmooth() with d = 1 and d = 2 and

default settings otherwise were generated beforehand.

Since clearly more than 5% of the parametric estimates (blue) lie outside of the 99%
confidence intervals in Figures 1(a), (b) and (c), the null hypothesis of a linear trend
function can be rejected at the significance level of 5% and 1% according to these three
tests. However, according to Figure 1(c), the unbiased estimates of the second derivatives
do not deviate too strongly from zero as the expected value of the second derivate in case
of linearity for time intervals from 1880 to 1907 and from 1982 to 2018. Nonetheless,
all three tests indicate, that the overall trend function in this particular time series is

non-linear.

Using identical settings of the function confBounds(), the same graphical linearity

tests can be conducted for the logarithms of the US-GDP. The results are depicted in
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(a) The linear and unbiased local linear trends with 95%- and 99%-—confidence intervals
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Figure 1: Results of different linearity tests for the temperature changes data.

Figures 2(a), (b) and (c). Note that the nonparametric estimates in Figures 2(b) and (c)
differ notably at the right boundary, as the first derivative has a negative slope, whereas it
should be positive according to the estimated second derivative. Since for the estimation
of the different derivatives distinct bandwidths and therefore diverse numbers of elements
for smoothing are used, conflicting results cannot be avoided in some cases. Nonetheless,
the uncertainty in the local polynomial estimates increases both with the order of the
derivative and at boundary points. We can observe that the confidence intervals for the
estimates of the second derivative at the right boundary points also include negative values
and therefore, there is not enough evidence to clearly disprove the negativity of the second
derivative at those points. Furthermore, regarding the proposed linearity tests, we come
to the conclusion once more that a linear trend is not suitable for the data. That is, a
linear trend for output growth is a suitable benchmark on average (Jones, 2002). However,
there are periods that exhibit a significant difference between the estimated parametric
(solid black line) and nonparametric growth rates (dashed red curve). Especially between

1949 and 1965 (the golden age) the growth rates for the US economy were extraordinarily
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high. As could be also seen from Figure 2(b) with the bursting of the dot-com bubble in
2000, a period of significantly weak growth was introduced (Fritz et al., 2019b).

(a) The linear and unbiased local linear trends with 95%— and 99%-confidence intervals
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Figure 2: Results of different linearity tests for the US-data.

Generally, notwithstanding that local polynomial regression has automatic boundary
correction, the estimation quality is poorer at a boundary point in comparison to the
interior. Therefore, the difference between the upper and the lower confidence bounds
increases toward the boundaries in Figures 1 and 2. In particular, this effect becomes
more apparent for higher orders of derivative of the trend m so that by applying all
three methods different test outcomes with regard to the linearity of the trend might be
possible. In such a case, a final decision should be made while taking into account both
the time series and research question at hand. However, we also propose that with an
increasing order of derivative less importance should be attached to the respective test.
Aside from linearity tests, the function confBounds() can also be applied to conduct a
simple stationarity test. Exemplarily, the returns of the German Stock Index (DAX) and
to the CBOE Volatility Index (VIX) are considered. Both series are also implemented

in the smoots package and contain daily observations from January 1990 to July 2019.

19



Originally, the data was obtained from Yahoo Finance.

To test both series for stationarity, the logarithm of the squared centralized DAX returns
and the logarithm of the VIX closing price series need to be calculated, as they follow
equation (1). The trend in the transformed DAX returns was estimated using msmooth ()
with the settings alg = "A" and p = 3, whereas the same function with alg = "A" and
p = 1 was called for the VIX data. The corresponding output was then inserted into the
function confBounds () with further adjustments to p = 0 and both alpha = 0.95 and
alpha = 0.99. Due to p = 0 a constant mean is estimated from the data instead of a

linear trend.

In Figures 3(a) and (b), the graphical stationarity tests for the DAX and the VIX
data are depicted, respectively. Since in each case clearly more than 5% of the solid
black line is outside of the 99%-confidence bounds, the null hypothesis of the transformed
data fluctuating around a constant mean and therefore being stationary can be rejected.
Consequently, the DAX returns and the VIX prices admit a nonconstant, nonparametric

scale function and are themselves not stationary.

(a) Parametric and nonparametric trends with 95%- and 99%-—confidence intervals, DAX data

1990 2000 2010 2020
Year

- Nonparametric estimates — Parametric estimates 95%-confidence interval [l Extension to 99%

Figure 3: Result of a stationarity test for the DAX and VIX data.
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7 Application of the forecasting techniques

7.1 Point forecasts and forecasting intervals

Here, the semiparametric forecasting approaches as well as the backtesting methods
described in Section 4 will be employed by means of the functions modelCast() and
rollCast () of the smoots package. In Figure 4, predictions of the temperature changes
series, the US Log-GDP, the logarithm of the squared DAX returns and the logarithm
of the VIX prices are displayed. For simplicity, a Semi-ARMA(1,1) model is assumed
for each time series, while the underlying trend functions are estimated by calling the
function msmooth() with its standard settings. The only exception is the DAX case, for

which a local cubic trend (p = 3) is fitted.

In Figure 4(a), point predictions as well as 95%- and 99%-forecasting intervals, which
were obtained under the normality assumption, are illustrated for the temperature changes
of the Northern Hemisphere for the consecutive five future months. The trend was pre-
dicted by linear extrapolation as explained in Section 4.1. Consequently, we predict a
temperature change of 1.1041°C for January 2019. In the following months, the point
predictions slowly increase in value until May 2019 with a change of 1.1375°C. Moreover,
the forecasting intervals are symmetric about the predicted values and increase in length

for future time points, as the uncertainty with respect to the predicted points increases.

The point forecasts and the 95%-forecasting intervals obtained both under the normality
assumption and with the bootstrapping method presented in Section 4.2 are depicted in
Figure 4(b) for the US Log-GDP. Once more, the trend is extrapolated linearly and an
increase in the point predictions is observable for the five future time points. Furthermore,
the obtained 95%-forecasting intervals are almost identical between both methods for this
specific time series. For the third quarter of 2019, [9.8396,9.8730] and [9.8351,9.8713] are
the calculated intervals under normality and with the bootrapping approach, respectively,
while their length steadily increases over time until they are computed as [9.8296,9.9065]
and [9.8269, 9.9060] for the third quarter of 2020. Thus, the normality assumption appears

to hold approximately in this case.

In Figures 4(c) and (d), different point forecasts for the transformed DAX and VIX series

are illustrated, respectively. More specifically, the dashed red lines correspond to the total
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forecasts, if the trend is extrapolated linearly, while a constant extrapolation of the trend
is considered for the predictions represented by the dotted purple lines. Obviously, both
approaches give similar results for time points close to the last observation time point.
Nevertheless, with a long term perspective, the dotted purple lines will eventually converge
towards a fixed value, whereas the dashed red lines keep increasing. Under consideration
that the original return series, to which the transformed series displayed in Figure 4(c)
belongs, is assumed to follow a Semi-Log-GARCH(1,1) model, a constant extrapolation of
the trend is usually more suitable, as the unconditional variance in return series is usually
roughly constant for short periods of time. In contrast, under a Semi-Log-ACD model,
usually a linear trend extrapolation is preferred on the transformed data as in Figure 4(d),
because non-negative financial data often show clearer changes in the overall level and a
constant extrapolation would over- or underestimate the future development of the true

underlying trend.

7.2 Backtesting of Semi-ARMA models

The function rollCast () of the smoots package is used to apply the backtesting methods
of Section 4.3 to test a Semi-ARMA (1,1) model with regard to the temperature changes
as well as the US Log-GDP series. For each series, the function is called twice to ob-
tain 95%- (alpha = 0.95) and 99%-forecasting intervals (alpha = 0.99). Normality of
the point predictions is assumed for the first dataset, whereas bootstrapped forecasting
intervals are computed for the Log-GDP. Moreover, the estimated trend functions are
extrapolated linearly in both cases and the function msmooth () with its standard settings
is automatically called within rollCast(). The results are observable in Figures 5(a)
and (b), respectively. As illustrated, none of the true observations lies outside of the fore-
casting intervals for neither the temperature changes nor the US Log-GDP series, which
is a first indicator that the quality of the forecasting intervals is suitable. Note that the
bootstrapped forecasting intervals are not symmetric with respect to the Log-GDP point
predictions. Furthermore, in both cases, the rolling point forecasts closely follow the true

observations.

To compare the performance of the Semi-ARMA model (SEARMA) not only to the
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Figure 4: Forecasting of different time series data with Semi-ARMA(1,1) models.

naive approach, we also compute the MASE as well as the RMSSE for a variety of estab-
lished models, which are not included in the smoots package. A combination of either
the filter by Hamilton (2018) (HFARMA) or a cubic trend together with an ARMA(1,1)
model (CTARMA) for the residuals and a simple ARMA(1,1) model (STARMA) are con-
sidered. In addition to the temperature changes (TD) and the Log-GDP (LGDP) data,
the observed monthly employment-population-ratio of the USA from January 1948 to
December 2019 (EPR) and the total public debt of the USA in percent of their GDP
from the first quarter of 1966 to the fourth quarter of 2019 (LTPD) are inspected. The
EPR and LTPD data were collected from the website of the Federal Reserve Bank of St.
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Figure 5: Backtesting Semi-ARMA(1,1) models for different time series data.

Louis. Note that for the filter by Hamilton (2018), we consider the horizon parameter
hy = 8 with four regressors for quarterly data and hj, = 24 with 12 regressors for monthly

observations as proposed by the author.

In Figure 6, the different test series are displayed alongside the various rolling point
forecasts. The corresponding MASE and RMSSE values can be found in Table 1. For the
datasets TD and EPR, the SEARMA model results in the smallest MASE and RMSSE
among all considered models, while for the LTPD data it also exhibits the smallest
RMSSE. Furthermore, in all remaining cases, the forecasts according to the SEARMA
model are nearly as accurate as those of the other models, e.g. the MASE and RMSSE
following the SEARMA model are calculated as 0.3400 and 0.3293 for the LGDP data,
respectively, whereas these criteria are derived as 0.2408 and 0.2300 with respect to the
most accurate model, i.e. CTARMA. Moreover, we find that for the CTARMA model,
the assumption of a cubic trend clearly does not hold except for the LGDP data, while
for the STARMA model, the stationarity is violated in all four cases. Since, moreover, the
model HFARMA provides notably worse forecasts in some cases as can be seen in Fig-
ures 6(c) and (d), we recommend the usage of the Semi-ARMA model for trend-stationary
time series, especially if the trend’s structure is complex, as it is the only one of the four

inspected models that provides both suitable and stable forecasts for each of the studied
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Figure 6: Rolling one-step point forecasts for different test data using assorted models.

Table 1: Accuracy measures for rolling one-step forecasts according to selected models.

MASE RMSSE

Fitted model
TD LGDP EPR LTPD TD LGDP EPR LTPD

SEARMA 0.6777 0.3400 0.2668 0.8089 0.6252 0.3293 0.2813 0.6500
HFARMA 0.7792 0.2800 1.4442 0.8765 0.6933 0.2658 1.1854 0.9527
CTARMA 0.6874 0.2408 0.9499 0.7704 0.6373 0.2300 0.7033 0.6722
SIARMA 0.7883 0.4207 0.3570 0.8037 0.7828 0.4018 0.3298 0.7122

8 Concluding remarks

In this paper, the basic concepts of the algorithms built into the smoots package (ver-

sion 1.1.4) are discussed. Moreover, new methods for testing the stationarity or linearity
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of time series that follow an additive component model are presented and the underly-
ing theory is developed. Point forecasts for Semi-ARMA models as well as respective
forecasting intervals in case of Gaussian errors and a bootstrapped alternative are exam-
ined and simple backtesting approaches for these models are introduced. Furthermore,
Semi-Log-GARCH and Semi-Log-ACD models are summarized and the restraint on the
log-volatility intercept in order to satisfy unit variance in the parametric part of a Semi-
Log-GARCH model is derived. The application of the newly built-in functions within
the smoots package is elaborated in detail. Actual data examples illustrate the usage of
the testing and forecasting functions of the smoots package for different types of non-
stationary time series and prove that the built package returns correct results with regard
to the methods in this paper. Moreover, the conducted comparison of the forecasting ac-
curacy of assorted models indicates that the Semi-ARMA model performs approximately
as good as other established models in cases with a simple trend function and better in the
presence of a complex trend. Throughout, however, the Semi-ARMA predictions are the
most stable in quality. Since the current version of the package is only applicable in cases
with short-memory errors, further extensions of the existing algorithms and functions for
long-memory need to be developed. In addition, further extensions of the methods and
the package with regard to seasonal time series should be studied, as many time series
exhibit seasonality. Aside from this, the conversion of more of the existing R code within
the package to equivalent C+-+ code is advisable for future package versions, as a decrease

in computation time is expected.

Computational details

The numerical results in this paper were obtained using R 4.3.1 with the smoots 1.1.4
package. The illustrations were created using the ggplot2 3.4.3 package. R itself and
all packages used are available from the Comprehensive R Archive Network (CRAN) at
https://CRAN.R-project.org/.
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1

Appendix

A  Proofs

Proof of Proposition 1:

Proof. Given the formula of a Semi-Log-GARCH model (9) and the definition of the

moments E(eZ™) given in (10) for m = 1,2, ...,
E(e?) = Var(e;) = exp(c H,un (6;)
can be derived. Since Var(e;) = 1 is assumed,
Var(e;) =1

& el [[m(6) =1

a straightforward calculation. O]

B R codes

For simplicity, only the code implemented for selected examples and confidence levels will
be shown. Moreover, rescaling derivative estimates via the smoots function rescale() is

omitted.

Installation of the R package smoots:

R> install.packages(smoots); library(smoots)
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3

B.1 Codes for linearity and stationarity tests

Code for example 2:

R> Xt2 <- log(gdpUS$GDP); est2.trend <- msmooth(Xt2)

R> est2.dl <- dsmooth(Xt2); est2.d2 <- dsmooth(Xt2, d = 2)

R> cb2.trend <- confBounds(est2.trend, alpha = 0.95, plot = FALSE)
FALSE)
FALSE)

R> cb2.d1l <- confBounds(est2.dl, alpha = 0.95, plot
R> cb2.d2 <- confBounds(est2.d2, alpha = 0.95, plot

Code for example 3:

R> close <- dax$Close; return <- diff(log(close))

R> mean.rt <- mean(return); rt <- return - mean.rt; Xt3 <- log(rt~2)
R> est3 <- msmooth(Xt3, alg = "A", p = 3)

R> ¢b3 <- confBounds(est3, p = 0, alpha = 0.95, plot = FALSE)

B.2 Codes for point predictions with prediction intervals

Code for example 2:

R> fc2.norm <- modelCast(est2.trend, method = "norm", p =1, g =1, h = 5)
R> set.seed(1)
R> fc2.boot <- modelCast(est2.trend, method = "boot", p =1, g =1, h =5,

+ cores = NULL)

Code for example 3:

R> fc3.1lin <- modelCast(est3, np.fcast = "lin", p=1, q=1, h = 5)

R> fc3.const <- modelCast(est3, np.fcast = "const", p=1, q =1, h = 5)

B.3 Codes for backtesting

Code for example 2:

R> set.seed(1)
R> backtest2 <- rollCast(Xt2, alpha = 0.95, method = "boot", p =1, q = 1,
+ cores = NULL, plot = FALSE)
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